4 PF aa 


ADVANCES | 
IN PHYSICS 


aA Uae TERY SUPPLEMENT | 
of the 


Spariosdraicat MAGAZINE | 


= a 


" mi mae: i | ei as rene Aur i a 
ae ee eee EDITOR. ie 
"PROFESSOR N. F. ‘MOTT, MA. ‘D.Sc., F.R.S. 


st EDITORIAL BOARD — ee 
SIR GEORGE THOMSON, M.A., D.Sc., F.R.S. 
PROFESSOR A. M. TYNDALL, CBE. DSc, F.RS. 
Ly SIR LAWRENCE BRAGG, OBE, Me. MAA., D.Sc. F.R.S. 


e— 


, ae : 


—— 


VOLUMES = ‘JANUARY 1956 = NUMBER 17 
ar ay ’ 


PRICE per part 15s. 0d. 
PRICE per annum £2 15s. Od. post free 


ew 


ee 


PRINTED AND PUBLISHED BY TAYLOR & FRANCIS, LTD. 
RED LION COURT, FLEET ST., LONDON E.C.4 _ 


TECHNICAL AND SCIENTIFIC JOURNALS 


from the 


Uszseork 


PUBLISHED IN THE RUSSIAN LANGUAGE 


The following journals are available on subscription from the 
Soviet Union 


MATHEMATICS 
Annual subscription 40s. Six issues 
GEOPHYSICS 
Annual subscription 40s. Six issues 
PHYSICS 
Annual subscription 50s. Six issues 
MATHEMATICAL SYMPOSIUM 
Annual subscription 90s. Six issues 
APPLIED MATHEMATICS & MECHANICS 
Annual subscription 50s. Six issues 
JOURNAL OF TECHNICAL PHYSICS 
Annual subscription 140s. Monthly 
PROGRESS IN MATHEMATICAL SCIENCES 
Annual subscription 45s. Four issues 


PHYSICS, MATHEMATICAL AND 
NATURAL SCIENCES 


Annual subscription 80s. Eight issues 


JOURNAL OF EXPERIMENTAL AND 
JTHEOREBTIGAT SPH yslon 


Annua! subscription 120s. Monthly 


A complete catalogue of Russian-language technical and scientific journals 
will be sent free on request to 


COLLET’S BOOKSHOPS 
Dept. R49, 44 & 45 Museum Street, London, W.C. 1 


Cheques should be made payable to Collet’s Holdings Ltd. 


CONTENTS 


QUANTUM THEORY OF COHESIVE PROPERTIES OF SOLIDS 


By PrER-OLtoy LowpiIy 


Quantum Chemistry Group, University of Uppsala, Uppsala, Sweden 


Sale 
§ 2. 


§ 3. 
8 4. 
85. 
§ 6. 
ie 
§ 8. 
§ 9. 
$10. 
£1 
§ 12. 


Introduction 


Calculation of Electronic Energy Levels in Solid-State and 
Molecular Systems 


Symmetry Functions and Orthogonalization Procedures 
Crystal Symmetry and the Bloch Condition | 
Treatment of the Crystal Energy in the LCAO-Method 
General Technique used in Evaluating the Energy 

Cohesive Properties of Lonic Crystals . 

Cohesive Properties of Metals 

Exact Solution of the Many-Electron Schrédinger Equation . 
Valence Bond Method in Crystal Theory 

Generalization of Band Theory to Include Correlation Effects 


Concluding Remarks 


Page 
3 


: Ve er ‘ “i ' 
y aod ae * ry Pie E - 4 a 7 
Sve! gale 
ee ins Seattie y  ane 
: ah Wein es a 
> 4 wh % is th * a, a3 


oe & 


s one 


vs oS ee ss 
Co i Se raat: 


\ * "< ip tie dog 
Pe ~ 4 
oY “St 
. ™ 
7 a = 


te : ; se ; eta - 
i. eee ae *"* ns J _ i 
tks a ‘eee. ao . 
5 oe « ud i ae cor __ 
‘ : Sta Pi 7 7 


* 
v 


¥ ¢ + Gari te 7 : 
J gt bas |” hee 


* oo - 
p : oi 
S ae f Ro : 
. 
< y : 
M mF 
4 at 
. a 4 
bu ¢ 
i 
‘ 
4 
, a" 
tr 
~ 
~ 
i 
. 
, 
os 2 
» "Ae 
! bs , 
+ 
4 
ie > 
; 
a 


ee 232 


ADVANCES IN PHYSICS— 


A QUARTERLY SUPPLEMENT 
of the 
PHILOSOPHICAL MAGAZINE 


VOLUME 5 JANuaRY 1956 NUMBER 17 


Quantum Theory of Cohesive Properties of Solids 


f By PER-OLov LOwp1In 
Quantum Chemistry Group, University of Uppsala, Uppsala, Sweden 


CONTENTS 


. LytRopUCTION. 


CALCULATION OF ELECTRONIC ENERGY LEVELS IN Sorip-StatE anp MOLECULAR 
SYSTEMS. 
2.1. Calculation of the total energy. 
2.1.1. Exact energy expression. 
2.1.1.1. Basic assumptions. Born—Oppenheimer approximation. 
2.1.1.2. Antisymmetry condition and Pauli principle. 
2.1.1.3. Generalized density matrices. 
2.1.1.4. Stationary states. Variational principle. 
2.1.2. Transformation of the exact energy expression for a solid to convergent 
form. Ambiguities in assigning the electronic charge cloud to the nuclei. 
*2.1.3. General principles for evaluating the energy contributions. Expansion in 
spherical harmonics. 
2,2. One-electron approximation or independent-particle model. 
2.2.1. The basic invariant. 
2.2.2. The Hartree—Fock equations and the effective Hamiltonian. 
. Solution of the Hartree—Fock equations. 
2.2.3.1. Solution by separation of the coordinates and numerical inte- 
gration. 
2.2.3.2. Solution by expansion in terms of a fixed orthogonal set. 
2.2.3.3. Combined and equivalent orbitals. 
2.2.4. Correlation effects. 
2.3. Calculation of energy differences. 
2.3.1. Lonization energies. 
2.3.2. Excitation energies. 
2.3.3. Cohesive energy of a solid. 


b 


bo 
bo b 
wb 


. SymMEeTRY FUNCTIONS AND ORTHOGONALIZATION PROCEDURES. 


3.1. Projection operators. 
3.1.1. Constructing projection operators. 
3.1.2. Symmetry functions in systems having cyclic symmetry. 
*3.1.3. Use of approximate projection operators. 
3.2. Orthonormalization procedures. 
3.2.1. Successive orthonormalization by Schmidt’s method. 
3.2.2. Symmetric orthonormalization. 
3.2.2.1. Case of small overlap. 
3.2.2.2. Convergence problem and measure of linear dependence. 
Combination of symmetric and successive orthonormalizations. 
Orthonormalization of symmetry functions. 
3.2.4.1. Cyclic matrices. 
3.2.4.2. Wannier functions. 
3.2.4.3. Complete and overcomplete systems. 


bo bo 
Bae 


B2 


2 Per-Olov Lowdin on a 


§4. CrystaL SYMMETRY AND THE BLOCH CONDITION. 
4,1. Translational symmetry and its consequences. 
4.2, Plane waves as a complete symmetry set. 
4.2.1. Equivalent plane waves. 
2.2. Brillouin zones. 
2,3. Expansion in terms of equivalent sets, 
4. Wannier functions for plane waves. 
5 Canes of free and almost free electrons. 
4.2.5 an Free-electron model. 
4.2.5.2. Case of almost free electrons. Ener gy bands. 
Bloch functions constructed from atomic orbitals. 
4.3.1. Orthonormalization of Bloch functions. 
4.3.2. Expansion of LCAO Bloch functions in plane waves. 
4.3.2.1. Hydrogen-like functions. 
4.3.2.2. Gaussian functions. 
4.3.2.3. Transformation of lattice sums. 
. Orthogonalized plane waves. 
General cellular method. 
4.5.1. Fundamental polyhedron. 
4.5.2. Cellular method of Wigner, Seitz, and Slater. 
4.5.3. Recent developments of the cellular method. 
4.5.4. Augmented plane waves. 
4.5.5. Concluding remarks. Applications. 
. TREATMENT OF THE CrysTAL ENERGY IN THE LCAO- Mzruop. 
5.1. Energy expression. 
5.1.1. The total energy. 
.1.2. Evaluation of the density matrix in the simple LCAO-method. 
alle 3. Calculation of the inverse overlap matrices. 
.1.4, The energy bands in the simple LCAO-method. 
5.1.5. The cohesive energy. 
$6. ene TECHNIQUE USED IN EVALUATING THE ENERGY. 
6.1, Expansion of a wave function on one centre in spherical harmonics about 
another centre. 
*6.1.1. Case of atomie Hartree—Fock functions. 
*6.1.2. Case of exponentials. 
6.1.3. Convergence test. 
6.2. Calculation of the different energy terms. 
6.2.1. Overlap integrals. 
*6.2.2. Kinetic energy integrals. 
*6.2.3. Nuclear attraction integrals. 
*6.2.4. Electronic repulsion integrals. 
6.3. Simplification of the energy formula. 
§ 7. CoHESIVE PROPERTIES OF IONIC CRYSTALS. 
7.1. Calculation of the energy of some alkali halides. 
7.1.1. Band theory of an ionic crystal. 
7.1.2. Alkali chlorides and fluorides. 
7.1.2.1, Connection with Born—Mayer’s theory. 
7.1.2.2. The many-body potential. 


4.3. 


° 


be 
ue 


an 
or 


oust ot ors 


7.1.3. Magnesium oxide. 
7.1.4. Lithium hydride. 
7.2, Elastic constants and failure of Cauchy relations. 
Tegsk. set of elasticity for finite strain. 
£7. ) 


is Lc ‘auchy relations for the elastic constants. 
. Failure of Cauchy relations in the case of many-body potentials. 
4. Applications to some alkali halides. 
.3. Compression of the alkali halides at very high pressures. 
4, Limiting vibrational frequencies, 
.5. Excited energy bands of ionic erystals. 
7.6. Statistical theory. f 
§ 8. ConEestve PrRoPERTIES OF MrETa.s. 
8.1. Calculations by cellular method. 
8.1.1. Correlation energy. 
8.1.2. Applications to mono- and di-valent metals. 
2. Caleulations by the LCAO-method. 
8.3. Statistical method. 


§ 9. Exacr SoLution oF THE MANy-ELEcTRON ScHRODINGER EQUATION. 
9.1. Superposition of configurations. 
9.2. Transformation of basic set. Connection between molecular-orbital and 
valence bond methods. 
9.3. Natural spin-orbitals. 


eS 


Quantum Theory of Cohesive Properties of Solids a 


§ 10. Vatence Bond Meruop ry Crystan THEORY. 
10.1. Non-orthogonality problem. 
10.2. Polar states in metal theory. 
10.3. Valence bond theory versus band theory. 


§ ll. GENERALIZATION oF BAND TuEory To InctuDE CoRRELATION EFFECTS. 
11.1. Correlation error in Hartree-Fock approximation. 


11.2. Static correlation in two-electron systems. 

11.3. Constructing pure spin states. 

11.4. Extension of the Hartree-Fock method to include correlation effects. 

11.5. Band splitting in crystals due to correlation. Method of alternant molecular 
orbitals. 

§ 12. ConctupIne REMARKS. 
ACKNOWLEDGMENTS. 
REFERENCES. 


§ 1. InTRODUCTION 


iy the development of the modern theory of solids, quantum mechanics 
has proved to be the main tool for understanding all electronic properties. 
In some cases, quantum mechanics has been applied to a simplified model 
of a solid in order to obtain a qualitative understanding of a certain pheno- 
menon, sometimes also very good quantitative agreement between theory 
and experience. In other cases, quantum mechanics has been used in a 
semi-empirical way by determining some basic theoretical quantities from 
some experiments in order to predict the results of other experiments ; 
in this method the theory has therefore been mainly a device for corre- 
lating one set of empirical data with another set. In both approaches, the 
theory has been rather successful in giving a general idea of the electronic 
structure of solids, and the difficulties have usually arisen first when the 
simple theories are refined to give more details. 

During the last decade, it has been generally recognized that, in the 
theory of molecules and solids, models and semi-empirical theories necess- 
arily have a rather limited field of application and that they often lead to 
wrong conclusions when applied outside the domain.for which they were 
originally constructed. We believe, however, that a reliable quantum 
theory of matter can be obtained by going back to the basic principles 
and to a full study of the solution of the many-electron Schrédinger 
equation, but, in this connection, one must remember that the limits of 
accuracy of this equation for a real solid have not been tested until now. 
Hylleraas in his work on helium, and James and Coolidge in their work on 
the hydrogen molecule, gave us good reason for believing that, in principle, 
the Schrédinger equation in configuration space could provide us with 
quantitative results of a sufficient accuracy for two-electron systems, but 
the applications to solids mean certainly a rather drastic extrapolation 
from these two-electron systems to systems containing an enormous number 
of electrons. So far, however, there have been no objections in principle 
against this procedure, and future investigations will show the natural 
limits of the validity of the nonrelativistic Schrodinger equation. 

Only a rather small part of modern solid-state physics has been treated 
in a purely theoretical way by means of quantum-mechanical methods. 
In this paper we will study the solution of the Schrédinger equation only 
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for the ground state of some of the simplest ideal crystals, namely the 
ionic crystals and the alkali metals, and, in this way, we will derive 
information about the cohesive and elastic properties of these solids at 
absolute zero of temperature. Even with this limitation the mathematics 
involved must necessarily be rather complicated, but we will try to keep 
the physical meaning of the deductions clear by working with density 
matrices. These have the advantage that the diagonal elements have an 
almost classical clarity, whereas the quantum-mechanical features arise 
from the occurrence of non-diagonal elements. 

The ‘ atomic approximation ’ for solids will be given greater emphasis 
here than usual. In treating molecules, one has universally adopted the 
chemists’ point of view that molecules are built up of atoms. Even in the 
collective electron model, in which the electrons are assumed to move in 
orbitals belonging to the molecule as a whole, these molecular orbitals 
(MO’s) may be constructed by linear combinations of the atomic orbitals 
(AO’s) of the constituents. In treating the electronic structure of 
molecules, this MO-LCAO approach has turned out to be rather successful, 
and this leads to the question whether the same method could also be 
applied to crystals, since the latter are nothing but immense molecules. 

Qualitatively the LCAO-idea was introduced into the theory of solids by 
Bloch (1929), who developed what we now call the ‘ tight-binding * approxi- 
mation, but, since some quantitative applications of the method did not 
give any agreement with experience (see e.g. Sommerfeld and Bethe 
1933, p. 405), the whole approach was abandoned at least for practical 
purposes. Later one realized that, in these first investigations, one had 
neglected some key quantities, namely the integrals measuring the overlap 
between the atomic orbitals associated with different constituents. 
However, solid-state physics had then already found its own ways, and, in 
the collective electron model developed by Wigner and Seitz (1933. 1934) 
in their ‘ cellular method ’, there is essentially no individual correspondence 
between the atoms and the valence electrons. The cellular method has 
been very successful in explaining the cohesive and elastic properties of 
many metals and alloys, and its eventual lack of self-consistency and 
straightforwardness is highly compensated by the good agreement between 
theory and experiment. Since so many good reviews have been written 
about this subject, comparatively little space will be devoted to this 
approach here. 

Instead we will concentrate our efforts on considering the problem of the 
gap between the theory of molecules and the theory of crystals, and try to 
build a bridge between them by treating also the solids by the LCAO-idea. 
The previously mentioned ‘ overlap integrals ’ between atomic orbitals of 
different constituents will now be of basic importance, and a rather large 
section must therefore be devoted to the mathematical treatment of the 
non-orthogonality problem. It turns out that, even for such simple 
solids as the ordinary ionic crystals, this overlapping also ieads to some 
rather peculiar effects, as for instance the ‘ many-body forces ’, which are 
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of a * centrally-symmetric ’ form but still cause the deviations required 
from the famous classical Cauchy relations for the elastic constants because 
of their many-centre character. 

In principle, therefore, it seems to us possible to carry through the 
quantum-mechanical treatment of solids by means of atomic wave 
functions too. This atomic description is particularly suitable for the 
ion-core electrons, and there is certainly a great deal of atomic correspon- 
dence left also for the valence electrons, but, even if we formally can treat 
the excited orbitals in terms of atomic functions, most of the simple 
physical meaning seems to be gone. Mathematically, the advantage of the | 
uniform atomic description of a crystal is partly destroyed by a slow 
convergence of the lattice sums occurring. One could try to get a simpler 
theory of solids by combining the atomic picture with a model using, e.g., 
a refinement of the orthogonalized plane waves (Herring 1940), but the 
combination of two approaches of such different characters leads then 
instead to other mathematical difficulties which are not yet fully mastered. 
This means that, whatever method we choose, properties of crystals which 
depend on both the valence electrons and the ion-core electrons and their 
interaction are very hard to describe, and this fact may account for some 
of our present difficulties of understanding the cohesive and magnetic 
properties of solids in a straightforward way. 

In the list of references at the end, papers which concern the general 
theory of electronic structure of solids and its applications to the cohesive 
properties of crystals are collected, whereas papers treating mainly 
applications to other phenomena such as ferromagnetism, conductivity, 
etc., have not been included. Even so, the list is far from being complete.t 
In addition to the articles purely on solid-state theory, we have also men- 
tioned a series of papers on molecular theory, which may be of importance 
in principle because of the close connection between the two fields. 

Sections marked with an asterisk * are of a more mathematical nature, 
and could therefore be read mainly for their qualitative content in a first 
reading. 
| § 2. CALCULATION OF ELECTRONIC ENERGY LEVELS 

ty Sonrp-Stare AND MonEcuLaR SysTEMs 


2.1. Calculation of the Total Energy 


This section will be devoted to a discussion of the total energy of a many- 
electron system in a matrix of atomic nuclei in fixed positions. The 
quantum-mechanical expectation value of the corresponding nonrelati- 
vistic Hamiltonian will be derived in an exact form in terms of certain 
generalized density matrices. Later these matrices will be expressed 


+ Articles in Russian and other Slavonic languages have been available to 
the author only in the form of short English abstracts or German translations 
(see e.g. Anselm 1951, Wonssowski 1954, and Pekar 1954). 
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approximately according to the Hartree-Fock scheme, and the errors in. 
the form of correlation effects will be discussed. 


2.1.1. Hxact Energy Expression 

2.1.1.1. Basic Assumptions. Born-Oppenheimer Approximation.—Let 
us consider a molecule or solid-state system containing NV electrons. 
Since a crystal may always be considered as an immense molecule, there is 
in principle no difference between the basic quantum-mechanical treat- 
ments of the two types of system, and a series of results are common to 
both of them. Separating the motions of the nuclei and the electrons 
(Born and Oppenheimer 1927), we will assume in a first approximation 
that the nuclei have fixed positions. We observe that, because of 
Heisenberg’s uncertainty relations, this assumption is not physically 
realized even at the absolute zero of temperature. Instead, there is a 
state of nuclear motion with the lowest energy compatible with the 
uncertainty relations, which corresponds to certain zero-point vibrations 
of the nuclei. If the nuclei are heavy, their zero-point energy is a small 
quantity compared with the other energy contributions, and may be added 
afterwards as a correction term. 

Starting from a Hamiltonian with fixed nuclear positions, one may then 
compute the properties of the electronic cloud and the corresponding 
total energy of the system. This energy is a function of the given nuclear 
positions as parameters, and, by varying them, one may at least in principle 
determine the geometrical structure of the nuclear framework which leads 
to the lowest energy of the system in the state under consideration. 

Let Z, be the atomic number of the nucleus situated at the point g. 
In neglecting relativistic effects including all spin-couplings, the funda- 
mental Hamiltonian operator for the system takes the form 

N N 
== Hot os 4 2 Age as ee) 
i=1 i,j=1 

where we have separated the contributions in zero-, one-, and two- 
electron terms; the prime on the summation sign for a double sum 
indicates that we omit all terms having the two indices equal. Here A, 
represents the coulomb interaction between the nuclei, H, is the kinetic 
energy of the electron 7 plus its potential energy in the field of the nuclei, 
and H,;;is the coulomb interaction between the electrons i and j : 


2 ae 
€ ee 
aD eae 
~ gh gh . 
29 
p;? WA e2 : . . (2.2) 
(i Ghee Seyi 
Aaah. DIG one ee Hy=—. 
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In treating a crystal, it is further convenient to assume (Born and 
v. Karman 1912) that it consists of indentical domains, which are 
cyclically repeated through the crystal and which are very large compared 
to the unit cell. The volume properties of the crystal may then be found 
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by investigating a single such periodicity volume or ground domain, which 
will here be denoted by (@). In treating molecules, this ground domain 
should simply be extended to infinity. 

2.1.1.2. Antisymmetry Condition and Pauli Principle——The physical 
state of the NV electrons of the system is described by a complex wave 
function Y= (x,,x,,...,X,), where each coordinate x, is a combination 
of a space coordinate r; and a spin coordinate s; The quantity | we 
gives the probability density for finding the system in the respective points 
of the configuration space. 

We observe now that quantum-mechanical effects may enter into a 
many-particle theory in two ways: directly for each particle in the form 
of Planck’s constant / leading to the complementaxity between e.g., the 
ordinary space and the momentum space, and indirectly in the form of 
symmetry phenomena. Because of the uncertainty relation 4x. 4p >h/4r 
for each particle, the concept of classical orbits has disappeared and we are 
no longer able to follow the detailed movements of each one of the particles. 
This implies that we have also lost the possibility of identifying the 
individual particles in the system; in a quantum-mechanical many- 
particle theory, every physical result must therefore be independent of the 
individuality of the particles. This identity principle leads to the 
mathematical requirement that each physically measurable quantity must 
be symmetric in the coordinates x,, X,..., xy. If P is a permutation 
operator working on the suffices of the NV coordinates, we have consequently 


ie pe Was era wee 5 he) 2. (2.8) 


This means also that, after a permutation, the wave function itself may be 
changed only by a phase factor. If we assume that this phase factor for a 
simple transposition is a constant « characteristic for the particles under 
consideration, we have the two possibilities «=-+1, corresponding to 
symmetric and antisymmetric particles, respectively. In this paper, we 


will mainly be interested in the case «=—1, and the wave function then 
fulfills the antisymmetry condition 
PEPE ICS Ne ier) oe Ly sede (KG AK oe eaves KN a |e keh 


where p is the parity of the permutation P. The locations a, b,c... of 
the coordinates in the symbol for the wave function 
GO ¢ 
TEUKGEX Ga Kas ee Ns MADD ee RPS MAY Lore. (ed) 
indicate various states for the electrons, and, if at least two of these are 
identical, e.g., a=b, it follows from (2.4) that the wave function is identi- 
eally zero. Antisymmetric particles will therefore automatically obey 


Pauli’s exclusion principle. 

The symmetry properties of the wave function, which follow from the 
existence of Planck’s constant h only indirectly through the identity 
principle, are of basic importance for understanding the essential physical 
and chemical properties of molecules and solids. 
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2.1.1.3. Generalized Density Matrices —The wave function 
Y (x, X5,..., Xy) for a solid-state system containing a large number of 
electrons is a rather complicated mathematical quantity, which is not even 
directly physically observable. Fortunately, the quantum-mechanical 
expectation values of the most important physical and chemical quantities 
may be expressed in terms of much simpler quantities, namely the 
generalized density matrices (LOwdin 1955 a). 

For the sake of simplicity, we will in the following always assume that 
the wave function ¥Y is normalized to unity with respect to the ground 


domain ; 
| | ¥ dalle Sh an ee 
(@) 


2 > 
where one should integrate over all space coordinates and sum over the 
two values of all spin coordinates. In considering the configuration 


space, we will let (dz)=dx, dax,...dxy 


indicate integration-summation over all coordinates, (dx;’) the same 
procedure over all coordinates except x;, (dz,;’) the same over all coordin- 
ates except x,; and x,, ete. . 

The wave function Y has a simple physical meaning, since |¥ |?(dv) 
gives the probability for finding the system within the volume 
(dv)=dv, dv, ...dvy around the point x,, Xs, ..., X,y in the configuration 
space. We may also construct the quantities 


y (x,)=N I W 2 (der,'), 
N\ ¢ 
1h (xy Xy)= a | | en ? (d245') : A (2.7) 
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with the following physical interpretations: -y (x,)dv;=number of 
particles times the probability of finding a particle within the volume 
element dv, around the point r, having the spin s,, when all the other 
particles have arbitrary positions and spins ; I" (x,, x.) dv, dv.=number 
of pairs times the probability of finding one particle within the volume dv, 
around the point r, with the spin s,, and another within the volume dv, 
around the point r, with the spin sy, all others having arbitrary positions 
and spins, etc. All these quantities are positive definite, and they are 
further symmetric in their variables. Using (2.6) we obtain for the total 
integrals 


| y (x,) dz,=N, 


Ba (X1 Xo) dv, dt a= (3) : 


“= 


(2.8) 


rv 


Series of probability distributions of increasing order p=1, 2,...N 
of the type (2.7) have been used frequently in statistical mechanics (see 
e.g. Wang and Uhlenbeck 1945, Born and Green 1947), but we note that 
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there is a distinct difference between classical theory and quantum 
mechanics. According to the transformation theory, the complex 
character of the wave function Y is necessary in order to permit the 
description of a certain physical situation in two complementary spaces, as 
the ordinary space and the momentum space, and the knowledge of |¥ |? 
or the quantities (2.7) is therefore not sufficient to determine the expecta- 
tion value of an arbitrary physical quantity. However, it is possible to 
preserve the complex character of Y by doubling the number of coordinates 
in (2.7) and defining a series of generalized density matrices (Lowdin 
1955 a) by the relations 


y (xy! [xJ=N | w*(1'23.. N) ¥ (123... N)(dxy’), 


N - 
T (x4! x9! | x1 5) = ene (1'2’3.. N) ¥ (123... N)(de4y’), 


Ben emmetenelielis¥.& (sleiiiwil¢)\e| ef-e! eis] 6) 6: 616) 16, 6 0, 8) 6,6 .« 


De XeX ey | XT Xe = (LS YY 123 | NV), j 
(2.9) 
where, in the integrands 7’ and i are abbreviations for the coordinates x,’ 


and x;, respectively. These density matrices are all Hermitian, they are 
antisymmetric in each set of their variables, so that 


DP’ (X1 Xp | Xy/ Xp )=I™ (xy! Xo" |x, X,), 
t/ / / t (2.10) 
D(x 5! Xz! | y X_)= —T" (1/9 | x1 XQ), 
and they are mutually related by the formula 
XG Xe Kg |X Xoo. Xp) 
Pp . / 4 / « 
; Sas T (GO Xa eKi nay | Ky Kaa hee gy) Oe ee ee est 1) 


Their diagonal elements are given by the quantities (2.7), and they have 
therefore simple physical interpretations. Because of the antisymmetry 
property, the elements of the matrices (2.9) will vanish identically if two 
or more variables of a set are equal. This implies that, iftwo variables in a ~ 
diagonal element are equal, it will usually vanish in the second order : 


Peg )=0, Pixxx a0... oe ee Te) 


For small distances, the antisvmmetry requirement therefore leads to a 
correlation effect which will act strongly to keep particles with parallel 
spins apart, independent of their classical interaction. This general 
phenomenon was first noticed for free electrons as the ‘ Fermi hole ’ 
(Wigner and Seitz 1933, Slater 1934 b, 1951 b). 
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By using the density matrices, the quantum-mechanical expectation 
value of an operator of the form (2.1) may now be expressed in the form 


(He) p= | Hoy P (az) 


op 
mL gar | Hy y (y! |x) dey+ Nee: DT" (xy! x5" |X, Xq) dx, dr, 

‘ (2.13) 
Here and in the following we have introduced the convention that, in 
treating average values, the operators H,, H,;,...in the integrands shall 
work only on the unprimed coordinates x;, x,, etc., and that, after these 
operations have been carried out, we have to put x;’=x,, x,’ =X,, etec., 
before the integrations. For our solid-state or molecular Hamiltonians, 
specified by (2.2), we get therefore 


RG ee Cle | 
(Hop) av= 3% Ton ae Pi? vy (x1 | x,) dx, 
23%, |W deste a) es dy yak, Se eee 
g lg 12 


This expression is exact within our original approximation, neglecting 
relativistic effects of the electrons and the zero-point motions of the nuclei. 
The physical interpretation is simple: the first term represents the 
repulsive Coulomb potential between the nuclei, the second the kinetic 
energy of the electrons, the third the attractive Coulomb potential between 
the electrons and the nuclei, and the last term the repulsive Coulomb 
potential between the electrons. To evaluate the energy of such a system, 
it is therefore sufficient to know the second-order generalized density 
matrix I” (x,’ x,’ |x, x,), from which the first-order density matrix may 
be computed according to (2.11). We note that the diagonal elements 
(2.7) are sufficient for determining all the Coulomb interactions, but that 
we need the non-diagonal element y (x,’ | x,) for characterizing the situa- 
tion in momentum space in evaluating the kinetic energy. 

Other physical quantities may be treated analogously. The operator S? 
for the total spin (measured in units of #) squared, of our system of V 
electrons may be expressed in the form (Dirac 1929) 

S?=—N(N—4)/4+4 2” P,,, <a ee aan Chae 
ij 
where P,,” is the operator for permuting the spin coordinates s; and 8, of 
the particles 7 and j. The general formula (2.13) then gives 


(S?) ay= —N(N 4/44 [ P (rys,, ro S| 189) ho 8) dx, day, . (2.16) 


which expression may be evaluated from a knowledge of the second-order 


density matrix. Similarly, the operator for the electric moment 
D=e lr; Se ee wi pen ee ke 


v 
has an expectation value given by the relation 


(D) av=e | yy (X;) dey, a ce ee eae 
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which may be evaluated by using the diagonal element of the first-order 
density matrix. 

2.1.1.4 Stationary States. Variational Principle.—The stationary states 
of the solid-state or molecular system under consideration are givén by 
the solution of the Schrédinger equation 


(bis WERT (ACE ie en ems oS 


where the eigenvalues € form the energy spectrum of the system for fixed 
nuclei. It is evident that the solution of the many-electron Schrédinger 
equation (2.19) must involve considerable mathematical difficulties, and, 
so far, the strongest tool we know for handling this problem is the varia- 
tional principle. 

According to a well-known theorem, the energy €, of the ground state is 
the lower bound of the quantity (H,,),, for arbitrary wave functions ¥. 
Further, all the eigenfunctions satisfy the variational equation 


ee hie Oey eee, Al cu t(D 20) 


with the supplementary condition that the eigenfunction for an excited 
state Y, has to be orthogonal to all the functions %, Y,,... 1, 
having lower energies. In practice, this variational problem may be 

solved by expanding the eigenfunctions in terms of some fixed complete 
orthogonal set of functions (Ritz 1908, 1909), which leads to a formulation 
of (2.20) in matrix form. The eigenvalues are then obtained by solving a 
certain secular equation, and the expansion coefficients of the eigen- 
functions are found by solving asystem of linear equations, We note that, 
for instance, the conventional perturbation theory is a considerably 
weaker tool for solving eigenvalue problems, since it represents just one of 
many possible ways of solving the secular equation (see e.g. Lowdin 
1951 c). This means that, even if our quantum-mechanical problem is 
basically formulated in a convenient and simple way in terms of wave 
mechanics and its operator connections between physical quantities, the 
best practical solution of the corresponding eigenvalue problem is up till 
now provided by a matrix method. The only exceptions seem to be the 
rare cases, where the eigenvalue problem may be solved exactly in a closed 
analytic form. 


2.1.2. Transformation of the Exact Energy Expression for a Solid to 
Convergent Form. Ambiquities in Assigning the Electronic Charge 
Cloud to the Nuclei 


For a crystal, the simple energy expression (2.14) shows some 
peculiarities. We note that, since the Coulomb forces are long-range 
forces, the first, third and fourth terms in this expression are usually 
divergent, i.e., they represent contributions to the energy which are not 
proportional to the volume. Since this particular phenomenon will 
also occur frequently in the following, we will show here a general method 
of treating this problem. 
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In order to transform the expression (2.14) to a convergent form, in 
which all contributions are proportional to the volume, we will regroup 
the terms in the following way : 


(Hop) av=414+ 424+ Es; 


1 , 
y= aay y (x1! [x4) day, 


68 Ze y(X,) 
9 RSS Ti aa: sa DZ, | dx 9 < 
St a inre e ge ey ota ‘ (2.21) 
2 7 
eS | YU YUXS) ee 
Z, T19 
bee 
E,=e — 27 (%)y(Xy) dx, dit, 
: Tre j 


Here £, is the kinetic energy of the electrons, and #, and #; may be called 
the classical and quantum-mechanical parts of the total Coulomb energy, 
respectively, as long as we remember that these names have a rather 
restricted physical meaning, since the whole treatment has a quantum- 
mechanical character. The second term certainly represents the classical 
electrostatic energy of an electronic charge cloud with the density ey (x,) 
in the given nuclear framework, but the probability density y (x, | x) 
has here been evaluated quantum-mechanically. There is also the 
question, whether the self-energy of an electron in a specific state in its 
interaction with itself should be included in the classical term, as above, or 
not. The main advantage of the separation in (2.21) lies in the fact that 
all the divergence difficulties are now concentrated in the second term. 
According to (2.8), we obtain for the densities in the first and last terms 


[7 G4) dey=N's | (2, x5) by 04) yO) dv, dt,=—4N, . . (2.22) 


and it may then be shown that, for large crystals, these energy terms are 
proportional to the number of electrons, i.e., to the volume. 

In order to show that even the second term is proportional to the volume, 
we have to combine its three divergent parts in a proper way. The 
divergence comes from the fact that hitherto we have treated the nuclear 
charges and the electronic charge cloud separately, and it can be removed 
only by combining these elements to electrically neutral units, containing 
one or more nuclei, constituting the crystal. This makes it necessary to 
assign the electronic cloud to the nuclei in some way, and we will therefore 
assume that the first-order density matrix y (x,) may be considered as a 
superposition of quantities y,(x,), each one being associated with a 
specific nucleus g, so that 


Y (Ky) ==. Ly, (4) te (2.23) 


This division of the density into parts may be carried out in several 
different ways (see fig. 1). It may be provided naturally by the special 
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approach used for solving the eigenvalue problem (2.19). Ifwe try to build 
up the total wave function Y in terms of the atomic orbitals of the 
constituents, it may seem feasible to use densities y g (Xz) which are atomic- 
like, have exponentially decreasing tails, and are overlapping to a large 
extent. On the other hand, we can construct an entirely different 
type of density y, (x,) by dividing the whole space into ‘ cells’ C g a8sO- 
ciated with the different nuclei g and assume that, within the cell Oy 
the density y (x,) is represented by the single term Yq (X1), whereas all the 
others are identically zero. This division leads to non-overlapping 
densities y,. Between these two extreme cases, there exists an infinite 
number of intermediate ways of carrying out the separation in (2.23). 


Hig. 
40) 


$e) 


+ — 
gO gt g-2 Gad) ox 
Examples of ‘atomic-type’ and ‘cell-type’ divisions of the same electronic 
density +(x). 


We note that, in any case, there is no definite way of determining the 
quantities y, (x,) in (2.23), and this implies also that, physically there is no 
unique way of separating the various atoms and ions which consitute a 
solid-state or molecular system. Similar considerations hold for the matrix 
y (x;’|x,), too. Problems concerning the individual properties of the 
constituents, their deformation when introduced into a composite system, 
etc., have therefore no direct physical significance, and we can give 
relation (2.23) a definite mathematical meaning only by fully specifying 
the way in which we are assigning thé various parts of the electronic 
cloud to the nuclei. 

The whole phenomenon discussed is closely connected with the overlap 
problem. In considering the process of forming our molecular or solid- 
state system out of entirely separated atoms or ions, one will find that the 
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constituents start to loose their individuality as soon as their charge clouds 
start to overlap, and, since a rather large amount of overlapping is needed 
to secure the equilibrium of the composite state, the individuality is then 
more or less gone. Previously it has been almost universally believed 
that one could experimentally determine the amount of ionic or covalent 
character of a molecule or crystal by measuring the charge distribution 
function by e.g., X-ray methods, but, in studying the rather extreme case 
of the LiH-crystal, the impossibility has now been theoretically discussed 
(Waller and Lundqvist 1953, Lundqvist 1954) and emphasized also from 
the empirical point of view (James 1948, Bijvoet and Lonsdale 1953). 

After these preliminary remarks as to the necessary precaution 
concerning the physical meaning, we can now go on to the mathematical 
treatment. The quantity 


ny= | Vg (%) Gay. Ae el ee ee 


denotes the total charge (in units of e) of the electronic cloud associated 
with the nucleus g. For r,;4g, we then obtain the potential V,(1) due to 
the charge cloud y, 


; ry (x No i, 
V_ (1)= | OP deg =? — el), oh gies 


where the first term represents the potential from a point charge of 
magnitude n, situated at the point g, and a,(1) is a ‘ deformation 
potential ’ depending on the extension of the actual cloud, which decreases 
more rapidly than 1/r,, for large distances. In treating a solid, it is 
sometimes also convenient to introduce the function 


Wi, (lysen2s tog( hh, soteet is. ee eee eee 


hg 


i.e. the sum of all deformation potentials of the system except the term 
associated with the nucleus g, since this quantity may often be simplified 
greatly by considering the crystal symmetry. 

The classical electrostatic energy of a crystal consisting of a system of 
positive and negative point charges is called the Madelung energy. Only 
in the case, when the charges within a unit cell compensate each other 50 
that the total crystal is electrically neutral, is the Madelung energy con- 
vergent, and it may then be evaluated by special methods (Madelung 1918, 
Ewald 1921; see also Born and Huang 1954). The electronic charge 
cloud may be considered as the limiting case of a point-charge distribu- 
tion, and the idea behind the division in (2.23) was that we should combine 
this cloud with the nuclei in a proper way into constituents which together 
form neutral (overlapping or non-overlapping) units of the crystals. 
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Using (2.21) and (2.23)-(2.25) and carrying out this combination, we may 
now transform the ‘ classical ’ Coulomb energy to the following form 


* , (2,—% )(Z,—N) 
2 gh lon 


é pa: 
ty 2 (2%, — I) 4 (G)— | Yy (1) 2% (X) dev} 


e2 fp 


+ 52-24, Vy + | yo (%1) Vy (1) day}, (2.27) 


which is the convergent expression desired, provided that the crystal is 
really neutral. 

The first sum in (2.27) is the Coulomb energy due to the interaction 
between all the different constituents (g 4h) of the system, being considered 
as point charges situated at their respective nuclei, and for n,4Z,, this 
formal Madelung energy may be computed by the standard methods 
mentioned above. The second sum gives a correction to the first one, 
depending on the extension of the actual constituents g, and this quantity 
may sometimes be simplified further by summing over h by means of 
(2.26). Finally, the third term represents the electrostatic self-energy of 
all the constituents gq. 

The occurrence in our energy expression (2.27) of the conditionally 
convergent Madelung energy, which is further dependent on our special 
division of the charge cloud in (2.23), shows that one has to be extremely 
careful in treating the ‘ classical’ part of the Coulomb energy. In using 
approximate methods, one must remember that only a slight error in, for 
instance, the normalization may lead to a crystal, which has a small net 
electric charge, and the total energy may then turn out to be divergent, 
ice., no longer proportional to the volume. In connection with LiH, 
Lundqvist and Fréman (1951) have further pointed out that even an 
improper division or approximation of otherwise small energy contributions 
may lead to divergence difficulties. 


*2.1.3. General Principles for Evaluating the Energy Contributions. 
Expansion in Spherical Harmonics 


In calculating the total energy according to (2.21), the evaluation of the 
Coulomb terms represents the main difficulty. We will here concentrate 
our interest on the problem of treating the classical Coulomb energy for 
two arbitrary charge clouds eQ,(r) and e£2;;(r) 


Q.(r,)Qy,(r 
{aD ao, doy, Ri ve kee Vat ae) 
12 


but we will see later that the same general principles apply also to the 
quantum-mechanical Coulomb part and to the kinetic energy. 


P.M. SUPPL.—JANUARY 1956 6 
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The method itself goes back to classical potential theory. In a system 
of spherical poorditataat 10; #) ) with fixed origin and axes, we will intro- 
duce the spherical ane ”m (9,6), Which may be chosen complex 
(m=—1, —I+1,...1—1, 1) or real (m=O, 1’, 1”, 2 OT. re 
real set is defined i 


21+1 (L-m)!\ 5 m (oqg 9) | 908 Mb: : 
Yin 0 | (sue eet)? (OY in ag, (228 


where «=I, €,,-=2, for m=1, 2,... and the indices m’ and m” indicate. 
functions of cosine and sine type, respectively. On the unit sphere r=1, 
these functions form a complete orthonormal set so that 


pee: Vflien Ax=81,1, Omims * 27 a 2.0 


where dy=sin 0 dé d¢ is the solid angle. Under certain general conditions 
(see e.g., Titchmarsh 1946), an arbitrary function F (r, @, 4) may now be | 
expanded in spherical harmonics 


F(r,6,¢6)= = 2 Fn (r) Y, (0,0); «a0 
0 


where the expansion coefficients 


F ipl =| F(r, 8,4) Yi Od) dy 0 ee 


are functions of r. The special problems involved in evaluating these 
coefficients will be treated in greater detail in § 6.1. 

Let us now consider (2.28). By developing 1/r,, in Legendre poly- 
nomials and using the addition theorem for the spherical harmonies, we 
obtain 


VU" Ae y: 


] ie) 
See, Se stk bedi 3 r 

fas [eee pe +1 rT, ficial lm (91, $4) y Im (9, ps); . . . (2.33) 
where 7, and 7, denote the smallest and the largest of the two quantities 
n= Ir, | and 7,= |r, |, respectively. By using this expansion, we then 
obtain for the potential V;,(1) due to the charge cloud Qy,(r) 


wey oT de 
a oa II 2 eee SY 7 r 
J igi (r,)=| ren WV .= x a Dp) ae } im CP 1) 


1=0 m=0 “ 


rT) moe) 


L257, um (7 2)?3 142 dp, etry ‘| 
0 r 


Qi, unl? 2)" -s a i} 


+ tiers a2 
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where 2, ,,, is determined from $2); according to (2.32). Multiplying by 
Q, (r,) and integrating over dv,, we get the final formula 


| 227(r 1) Qy7(r5) 


dv, dv, 
rie 


ELI ae oo n'y 
= J J) —— | Q r,)7r,~ 1dr Q Po) Po t2dy 
i=0m=0 2U+1 | J I, tm (71) Ty ae IL, um (72) Po't?dry 


(oa) foe) 
+{ 22; lm (71) Tees ar, | 2251, lm (79) Poo mi ‘dr. 
ry 


oll 4a ee) r% 
— 7 na » — Fe ” 14-2 
2 a, 25, lm (71) 74 dry) ira (7°) Ms dr 


1=O0m 


* 00 


ry 
si) Sry, m1) rtd | fay, Pees ar,| 
(2.35) 


where the last term in the second expression has been transformed by 
using Dirichlet’s theorem for double integrals. This formula is quite 
general, and it may be applied to both overlapping and non-overlapping 
charge distributions. A study of the quantum-mechanical applications of 
it for densities formed by products of atomic orbitals situated at different 
nuclei has, e.g., been given (Lundqvist and Lowdin 1951) for the case of 
s-functions. 

Let us now consider the case when 92; and ,; are non-overlapping in 
greater detail. Let S,; and $,, be the two smallest spheres around two 
fixed origins which contain 2; and {,,, respectively. We will say that 
the two non-overlapping charge distributions are ‘ spherically connected ’ 
with respect to these origins, if ; and $,; overlap—otherwise not; 
see fig. 2. The latter case is particularly simple to treat, for, if S,,; has 
radius pz, we get for the potential within the whole sphere 9, 

PE At = V (91593) (PH 


= 5 Ts | . (2.36 
Vix (1) alte: PARES rftl 257, im (7°) ls To, ( ) 


where the integral for each (/, m) is a constant. Let us drop the normaliza- 
tion of the spherical harmonics in (2.32) and define the ‘ total quantities ’ 


ries) 
Qtr, m=e| a QQ (r) 7! P™ (cos @) yan bi doe ae. (287) 
where Qrr, 99 is the total charge of the cloud e{2;;, the three quantities 
Qtr. 1m describe its total dipole moment, the five quantities Qy,, »,, its 
total quadrupole moment, and the (2/-+1) quantities Qry, ;, in general 
its total 2/-moment. 
In order to evaluate (2.28), let us now consider the other charge distri- 
‘bution eQ, and refer it to a suitable system of spherical coordinates 
(R; O, ®), having its origin at the centre of the sphere $, at the distance a 


CZ 
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from the other origin. Let us choose the polar axis in both systems along 
the line joining the two origins but with the positive directions pointing 
towards each other ; see fig. 3. The total quantities of eQ, with respect 


Fig. 2 


{al 


Examples of non-overlapping charge distributions: [a] not spherically 
connected, [b] spherically connected with the particular origins chosen 
but with a possibility of removing this connection by another choice 
of representation, [c] always spherically connected. 


Fig. 3 


Choice of systems of polar coordinates. 
to this new system are now defined by 


(co) 
=, Q. (R) REP.” (cos cos mP 
Qr, um ie 1 (R) ” (cos @) Re me" GO sie ts J hee ( 2.88) 
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Substituting a relation given by Hobson (1931) 


P (cos 0) (vo) lk R*P "(cos Q) 
Se = rat i) — qgltkt+l > . . . (2.39) 


into (2.36), multiplying by e,; (r), and integrating over dv,, we obtain 


e { 22(17y) Qy7(Ks) 


"12 


dv, dv, 


Or in Orr, in 


tee mao” U-pm) Me-pm)! alter oy 


This is the Coulomb energy of two non-overlapping and not ‘ spherically 
connected ’ charge clouds. We note that we may choose the two origins ~ 
arbitrarily as long as the smallest spheres around them containing Q,; and 
Q5,, respectively, do not overlap. Formula (2.40), expressed in terms of 
Cartesian coordinates, has played a fundamental role in the theory of 
van der Waals forces (Margenau 1939). It is a special case of the general 
formula for the Coulomb energy obtainable by using the ‘ bipolar’ 
expansion of 1/r,, (Carlson and Rushbroke 1950, Buehler and Hirschfelder 
1951). The classical electronic repulsion energy in (2.21) may be written 
in the form 

he |e. 


= dx, ax.» 
12 


ry (x Xai W(X )Y p(X 
= 162 B [rea oe) da, dx,+4e? ar | realy Pee da, dis , 
g "42 gh yo 


(2.41) 


and, for gh, it would then be tempting to use formula (2.40) on all types 
of non-overlapping densities, e.g., on those given in the ‘ cell-type’ 
division in fig. 1, but one has in such a case to add a correction for the 
spherically connected regions. In fact, formula (2.40) is frequently 
applied in Wigner and Seitz’s ‘ cellular method ’ in the so-called s-sphere 
approximation. The self-energies of the constituents (g=h) are evaluated 
by using relation (2.35) in its exact form. 

Let us finally consider the convergent form (2.27) of the total ‘ classical ’ 
Coulomb energy. The potential V, (1) from the charge cloud y, (x) is 
given by (2.34) with the only difference that, in forming y,, ;,, according to 
(2.32), one has also to sum over the two values of the spin coordinate 8. : 


Y9, im (T2)= Z| Ya (Xy) a & (As, bo) dX » : (2.42) 


The implication of (2.25) is that we take out the charge term for /=0 
separately, since it gives rise to a potential term decreasing only as I/r. 
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The ‘ deformation potential ’ w,(1) in (2.25) may therefore now be expressed 
in the form 


Wy ( r,) 
ro 


=4n Yoo iy aes Yu, 00 ("2 ) dry— le Vg, v0 (1 a) tan dry} 


ee PA Ae 4a 9 
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(2.43) 


and we observe that even the terms for /=1 and 2 are decreasing slowly 
enough to lead to convergence difficulties, if they are not treated properly. 
In this connection, it may be convenient to expand the total deformation 
potential W, (1) given by (2.26) in terms of spherical harmonics, for one 
will then get contributions only from such (/, m)-terms as are consistent 
with the crystal symmetry (Bethe 1929). The electrostatic self-energy of 
the constituent g in the third sum of (2.27) may be evaluated further by 
using the relation 


08 Loy Vg (+34 | Yq (4) Vy (Xa) a 


om ie 4q fo Ty 
+e 2 za WH), Voie Nome dr, | Yo, im (2) T2** dra, (2.44) 
1=0 m=0 “0 


where, for the sake of simplicity, we have put the origin at the nucleus g. 


2.2. One-Eleciron Approximation or Independent-Particle Model 

The simplest physical idea, which may be used in treating a many- 
electron system, is the ‘ independent-particle model’, in which one 
assumes that each electron moves under the influence of the static field 
created by the nuclei and the average Coulomb field of all the other 
electrons. If the individual one-electron wave functions or spin-orbitals 
are yh1(X1), Wo(Xg)... fy(*xy), the total wave function is that given by the 
Hartree-product 


P(X 6 Ky) (Ky)ro(Hy) © py (Xy)- - + (2.45) 
However, even in a stationary state, there should be some correlation 
between the ‘ motions ° of two electrons i and j, since the strong Coulomb 
repulsion ¢?/r;; between them makes it unlikely that they should appear 
in the same place (7;;=0), which must also have an unfavourable energy. 
Mathematically this means that the diagonal element [(x,, x) must be 
small compared to unity for r;=ry. 
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If the total wave function is simply approximated to by the product 
(2.45) of the occupied spin-orbitals, in which case the Pauli-principle has 
to be introduced as an additional condition, the second order density 
I(x, X,) usually does not show this property, and the approximation is 
then affected by an error called the correlation error ; the corresponding 
error in the energy may be called the correlation energy with respect to 
the product form. The situation is drastically changed if, from the very 
beginning, we require that the total wave function must fulfill the anti- 
symmetry condition (2.4). Such a wave function may be obtained from 
the simple product (2.45) by means of an antisymmetrization operator 


AV) eRe (2.46) 
P 
where p is the parity of the permutation P and the sum is to be taken over 


all permutations, and the total wave function is then changed into a 
determinant (Slater 1930) : 


P(x xX. .. Ky) = Ay (x, )yho(%y) ...Uy(Xy) 
ea(N Ni MedetAdis ts, yt. «+ (RAT) 


It should be noted here that (N !)~!/? @ is a projection operator (v. Neumann 
1943) fulfilling their characteristic relation O?=O; see further § 3.1. 
Pauli’s exclusion principle is now automatically fulfilled and, according 
to (2.12), the diagonal element of the second-order density matrix I(x,, x.) 
is vanishing cf the second order for r;=r,, s;=S,. This ‘ Fermi hole’ 
means that it is unlikely for two electrons having parallel spins to be 
in the same place (r,=r,), and, since the antisymmetrization procedure 
consequently has an effect similar to that of the ciassical interaction, it 
takes care of a rather large amount of the correlation between electrons 
with parallel spins. 

The many-particle theory based on the Slater determinant (2.47) is the 
special type of the one-electron scheme which is known as the Hartree-Fock 
approximation. It follows from the discussion above that the correlation 
error, which remains in this approximation, is mainly due to electrons 
with antiparallel spins accumulating in the same places in r-space. In 
fact, the basic spin-orbitals :s(r, s) are conventionally formed by multiplying 
an orbital ib(r) under consideration with either of the two spin functions 
a#(s) and f(s), and since this scheme permits two electrons with different 
spins to be in the same orbital, we may expect that the Hartree-Fock 
approximation is affected by a rather large correlation error. Because of 
the difference between the accuracies of the descriptions of electrons having 
parallel and antiparallel spins respectively, we may further anticipate that 
it is difficult to investigate magnetic properties in this approximation 
(cf. Pines 1955). Before discussing these errors, we will now consider 
some of the characteristic properties of the Hartree-Fock approximation 


itself. 
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2.2.1. The Basic Invariant p(x,,X>) 
For the sake of simplicity, we will assume that the basic spin-orbitals 
(x) (k=1, 2, ... N) form an orthonormal set 


| 700 x)da=3,,. . - + + aan 


If we carry out a unitary eR ae of this basic set, the total wave 
function (2.47) is changed only by a constant phase factor, which is the 
determinant of the transformation matrix, and this means that all physical 
properties of the system remain unchanged. The quantity (1, yo, . . . %y) 
may be considered as a vector in the abstract Hilbert space, and the unitary 
transformation is then only an ordinary vector transformation (rotation), 
which leaves essentially the * pa ’ of the vector defined by 


p(X 1, X)= orn (x3 er. (X5)! 2 Se OS 


invariant. We may therefore Erpech that the physical properties of the 
system should depend not on the individual spin-orbitals %, but only on 
the invariant quantity p(x,,x,). By using (2.48) and (2.49), it is easily 
shown that e fulfills the two matrix relations 
e*=p; ‘It(e)=V, ee 
where Tr (trace) means the formation of the diagonal sum, i.e. 
Tr (p)= | p(x, x1) dey. 

The quantity p(x,,x,) is defined here in terms of an orthonormal set 
(Fock 1930, Dirac 1930, 1931), but we note that even the non-orthogonal 
case-has been treated in full detail (LGwdin 1955 b). 

Let us now show that the physical situation depends only on the 
invariant ep. The wave function (2.47) is normalized to unity and, for the 


generalized density matrix of order N, we then obtain by ordinary 
determinant multiplication 


D(xy'X_'... Xy" |X XQ... Xy)=(N !)-1 det {p,,°(x,’)} det f(x 

=(N!)-2det ee 

=(N !)-1 det {p(x,’, x,)}. C2 ae, Se ae 
By repeated use of (2.11) and (2.50), we get 


P(x y'% 9" 6. Kp, | XX q...X,) = (p !)-1 det {p(x,’, x,)}, order p (2.52) 


and particularly 


I'(x,'X,' | x,x_)=4F 


YOK" | 1) = p(y’, x1). 
The last relation shows that the invariant ge is nothing but the generalized 
first-order density matrix. Itisa characteristic feature of the Hartree-Fock 
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approximation that all the higher-order generalized density matrices may 
be expressed in the first-order density matrix alone, and this quantity 
therefore describes the physical situation completely. 

In treating a specific state, it is consequently not necessary to specify 
the individual spin-orbitals 5, at all, but, from several points of view, 
they may sometimes be convenient to use as auxiliary quantities. 


2.2.2. The Hartree-Fock Equations and the Effective Hamiltonian 


In order to determine the invariant e, which gives the best approximation 
to a solution of the Schrédinger eqn. (2.19) corresponding to a stationary 
state, we will now apply the variation principle (2.20) to the Hartree-Fock 
energy, which is determined by (2.13) and (2.53) : 


er Re ae =H + | apex’, x,) dx, 


A i | Hy 9{p(%1',%1)p(% 2's %2)— p(X’, Xp) p(%y’,X4)} dary dary . 


The variation of this energy with 5p is most conveniently expressed by 
means of the effective Hamiltonian 


FT gg¢(1) =H + | Has(1—Pis)p (x, X>) dry, - + (2.55) 


where P,, is the ordinary permutation operator for interchanging x, 
and x,. The auxiliary conditions are of particular interest. 

Since pe? e, the matrix e may be considered as a projection operator 
(v. Neumann 1943), which defines a particular subspace of the abstract 
Hilbert space. If A=A(x,,x,) is an arbitrary Hermitian matrix, its 
‘ orthogonal projection ’ with respect to this subspace is then defined by 


the matrix A=pAp, ete eee (oO) 


which is also Hermitian. From p?=p, we get further ede. e=0, and 
since 5g is without orthogonal projection with respect to the subspace 
defined by p, we get consequently 


Te tnt A Ome hee ete eee 8 


which is the auxiliary condition required. The variation of (2.54) together 
with this condition gives the Hartree-Fock equations 


Hist p(e xe eeaeex eee = amet ae o8) 


determining the invariant e. 

In order to see the connection with the Hartree-Fock equations in 
their conventional form, we have to introduce the individual spin-orbitals 
~,. If we introduce a complete orthonormal set, of which our basic set y,, 
(k=1, 2, ... N) is the first part, and the function A(x, Xy) is expanded 
in terms of the complete set, its projection A(x, x,) defined by (2.56) is 
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civen by the part of this expansion which contains only the functions 
belonging to our basic set : 


A(x, X_)= Sha (x, HOG) ).. 2 =) ae umeee 


k,l=1 


= 


Since p is invariant with respect to unitary transformations, we may now 
choose the specific set 4, which brings the Hermitian matrix A(/, k) to 
diagonal form with the diagonal elements e, : 


A(X4; X_)= Beat (Job p( XQ)- sie Me te xenon 


Multiplying (2.58) by #,(§) and integrating over dé, we finally obtain 
FA oe 1) (4) = € nh (Xr); pa Se ol SS OM 


which is the conventional form of the Hartree-Fock equations. This 
eigenvalue problem may be interpreted as the Schrédinger equation for 
a single electron, where e, represents the ‘ spin-orbital energy’. For a 
solid-state or molecular system the effective Hamiltonian (2.55) takes the 
form 
iceevey epee ee Laas | “P(Xa X2)— P(e Paz gq, (9.62) 
2m a r39 

The first term represents here the kinetic energy of the electron, the 
second is its potential energy in the nuclear framework, and the last term 
is its potential energy in the average field of all the other electrons with 
Pauli’s exclusion principle expressed in the occurrence of the exchange 
term containing the permutation operator P,, (Dirac 1930). We note 
that, for the classical Coulomb potentials, there are formal divergence 
difficulties which are easily removed by combining the nuclear and 
electronic parts properly ; see § 2.1.2 

The exchange term, which is the mathematical expression for the anti- 
symmetry property and further prevents an electron to interact electro- 
statically with itself, is a little bit complicated, since it is complementary 
to the ordinary x-space. However, Slater (1934 b, 1951 b) has intuitively 
proposed that it could be approximately replaced by an ordinary potential, 
and it has later been shown (Léwdin 1955 a) that Slater’s potential may be 
derived from a minimum principle. This gives a simplified form of the 
effective Hamiltonian : 


Spt et 2 4 ¢2 | P(%a Xa) pHa, Xado( Xe, X)/(X1, Xa) 
2m 


A g(1)= Ax». 


(2.63) 
The minimum consideration shows that Slater’s appro oe is fairly 
accurate for the really occupied spin-orbitals ys, (k=1, 2, ...N) whereas 
it has a somewhat different character for the ZA spin-orbitals ys, 


(k=N-+1, N+2, ...), which are the higher solutions of the eigenvalue 
problem (2.61). Numerical applications of the method (Pratt 1952) have 


g lg 2 rie 
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also given good results. We will finally consider the total Hartree-Fock 
energy which, for a solid-state or molecular system, takes the form 


Patt 
(Hog) ws =402 8 + 5 | pte m)dey eZ, [PO i, 
gh 
een eee xan x 
aay 1 ®1)P\ Xo ib P(X1, Xp) p(Xy ia (2.64) 
12 
This expression will be the basis for our whole discussion of the cohesive 
properties, but we will also mention here an alternative form, which is 
obtained from (2.64) by using (2.62) and (2.61) 


(Hop) v= | Foot) 1)p(xy', x,)da4+-3 pers a An 


gh Ton 


~ p(X1, X1)p(Xs, X_)— p(x, x Xo, X 
—= 3c? | 1 X1) p(X 2 plXy, X2)p( Xs Di spent (2.65) 
’ 12 


re N 
- where | deel) BX, Ki) de, 2) ey: 
k=1 

The last expression gives the relation between the total Hartree-Fock 
energy and the sum ofall the spin-orbital energies, «,, and this relation 
has been used frequently in molecular theory and in the ‘ cellular method ’ 
of Wigner and Seitz. We note that (2.65) may be used only if the 
Hartree-Fock eqns. (2.62) have been solved with a sufficiently high 
accuracy, and that, even in this form, there is a convergence problem 
connected with the Coulomb terms, analogous to the problem treated in 
Seabee 


2.2.3. Solution of the Hartree-Fock Equations 


2.2.3.1. Solution by Separation of the Coordinates and Numerical 
Integration.—Let us now briefly discuss the solution of the basic eigenvalue 
problem (2.61), where the effective Hamiltonian is given by (2.62) and 
the nuclear framework is represented by the potential term 


Vj eZ. Nib toe meer ts, 22) (2.60) 
g "19 

The Hartree-Fock equations were first investigated in detail for the 
atomic case, i.e. for a single nucleus g, and, for an excellent survey of this 
field, we will refer to Hartree (1946). It has been shown that, in this case, 
eqn. (2.61) is separable in polar coordinates, and that, after the elimination 
of the angular part, there remains to be solved a system of nonlinear 
coupled radial integro-differential equations. Hartree and his collaborators 
have solved this system numerically by a method of successive approxi- 
mations : one starts from trial values of the basic spin-orbitals, calculates p 
and the corresponding potentials in (2.62), and introduces them in the 
effective Hamiltonian. For this fixed operator, one then determines the 
first N eigenvalues and eigenfunctions of (2.61), which may then be used 
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for a new evaluation of p and the potentials, etc. The iterative process 
is carried on until it becomes self-consistent, i.e. until two successive 
approximations agree within the accuracy desired, and the procedure is 
therefore called the ‘ self-consistent field ’ method. . 
In the atomic case, the nuclear potential V(1) is centrally symmetric, 
ie. an s-function. In considering a solid-state or molecular system with 
a more complicated nuclear framework, a natural generalization would 
therefore be to develop V(1) in terms of spherical harmonics associated 
with a specific origin according to the methods developed in § 2.1.3. : 


Om Lets 


ay 
V)= 2 2 Vim?) Y tm(O1 1). z : ‘ 5 (2.67) , 
1=0 m=0 
In this expansion, only such spherical harmonics as are consistent with 
the crystal symmetry would occur (Bethe 1929). We could then also try 
to expand the Hartree-Fock functions y,(r,) in terms of the same spherical 
harmonics : wo TW 


(r= 2 2 Ry ml) Y im(91, $1)- <j ne > AORN 


1=0 m=0 
The Hartree-Fock eqns. (2.61) are no longer separable in the polar co- 
ordinates, but we can still eliminate the angular functions and obtain a 
system of radial equations for the unknown functions A, ,,,(7,) con- 
taining more complicated couplings than the atomic case, which may be 
solved by numerical integration. 

For solids, this method has been applied in the ‘ cellular method ’ 
(Wigner and Seitz 1933, 1934) in a rather abbreviated form, since most 
of the attention has been concentrated to the s-term in (2.67) with the 
neglect of the higher terms. The method itself is, however, quite straight- 
forward, and a closer investigation of its possibilities would certainly be 
worth while (see, e.g. Bell et al. 1953). 

2.2.3.2. Solution by Expansion in Terms of a Fixed Orthogonal Set.— 
Instead of using numerical integration, we will now show another solution of 
the Hartree—Fock equations (2.61), which is based on the idea of expanding 
the unknown eigenfunctions % (x) in terms of a fixed complete orthonormal 
set $,(X) : 2 

(x)= 2p (x)ep.  « » . % « » (2:69) 
uel 

Let us first mention some fundamental properties of the Hartree-Fock 
functions y,. Since the operator H, given by (2.62) is Hermitian, its 
eigenfunctions are automatically orthogonal, and we will further assume 
that they are normalized so that the relation (2.48) is fulfilled. We note 
that, in addition to the NV ordinary eigenfunctions which are really occupied 
by electrons, there may also be higher solutions for k=N+-1, N+2,..., 
which will be called virtual spin-orbitals. Physically, these higher eigen- 
functions describe the behaviour of ‘ test charges’, which move under 
the influence of the real particles of the system without influencing their 
motion in return (Hall and Lennard-Jones 1950) 
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ny rat. spade c ee ° . 
For the sake of simplicity, we will interrupt expansion (2.69) after a 
finite number M of terms 


Mele) OAK)Cme ste kolo ms tet (2070) 
1 


but we note that we can get any accuracy desired by letting Moo. 
Our main problem is now to determine the coefficients in this expansion, 
which, for the ordinary solutions, form a rectangular matrix of order 
Mx WN with M>N. Substituting (2.70) into the orthonormality condition 


(2.48), we obtain uM 


2 Chl =2 Saree hfe ete S271) 


and this relation may be condensed in matrix form to c'c=1 if we observe 
that the symbols ¢ and c' mean rectangular matrices. The matrix c 
therefore has unitary properties in the vertical direction, but we can 
prove the complementary relation cc'=1 only by completing c to a 
square matrix by adding the coefficients for the virtual orbitals. 

In § 2.2.1. it has been shown that the characteristic quantity in the 
Hartree—Fock approximation is the basic invariant 


N M 
PX Xa) 2 Yi a) (Xa) — 2) bu (Xr) bol) | H); . > (2.72) 


fb, v= 


N 

where Op | ey 2c, .e}, - 1 ee OES 
k=1 

We note that Q(v|u) may be considered as the generalized first-order 

density matrix in the discrete space defined by the set ¢,(2). Since e 

fulfills the relations (2.50), we also have 


= OUT (Gty ee  n. . (2.74) 


The Hermitian matrix Q is therefore a ‘ projection operator’. It has 
N eigenvalues equal to 1 and (/—J) eigenvalues equal to zero, and the 
eigenvectors associated with the eigenvalues | together form the rectangular 
matrix c. Hence we have 


Cla Cm Ole ee he 21D) 


where the unit matrix of the last relation is a square matrix of order NV. 
Equations (2.74) and (2.75) are easily checked by using (2.71) and (2.73). 
Using a terminology from molecular theory (Coulson and Longuet-Higgins 
1947, Lowdin 1953 c), we will call Q@ the charge and bond order matrix of 
the system with respect to the fixed orthonormal set 4,, - 

Let us now try to solve the eigenvalue problem (2.61) for an effective 
Hamiltonian, which we consider as fixed, by applying the variation 
principle 5e=0 to the quantity 


c= [P(A ee DY) de, [[ yb) dey. (2.78) 


where we have omitted the index & on the Hartree-Fock function. 
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Introducing the expansion (2.70), we obtain 


M M 
vant Cu lt | Hoe bvles} 2icGy Sisley, Deen namteanen 

LM, v= i, v= 
where the [| Hug|v] are the matrix elements of H.¢ with respect to the 
set ¢,. Keeping H. fixed, varying c, and putting de=0, we get a system 
of linear equations 


M 
Z {(u | Hee | v]—eBate,=0, . . « . ~ (2.78) 
v=1 


which has a normalizable solution only if 
det {{u | Hog|v]—ed,,$=0. . . . - . (2:79) 


This secular equation is an algebraic equation in « of order M, and it 
therefore has M eigenvalues ¢, (k=1, 2, ...M) which are all real. After 
the eigenvalues have been determined, one can solve the M linear eqns. 
(2.78) and obtain a quadratic matrix c,, of order M. In addition to the 
N ordinary solutions, the process gives hence (M—N) virtual eigen- 
functions. We note that, in practical numerical applications, both the 
eigenvalues and the eigenvectors are usually determined by iterative 
procedures based on (2.78). 

According to (2.62) and (2.72), the matrix elements of H,, are given by 
the formula 


[oe | How | I= | b°(L)Hou(1by(1) dey 
=[h | Hy | BP Sere ses | x)(1—P,,) [px | Hy | vA] 


it 
=< | Peal’, 1) de, | Pe) a, 
g "ig 


2m 


r 1)p,3(2)— oll (- 
+ePZQ( | K) | Purl )puil2)— Puall Pro) a. dary (2.80) 


M13 

where the Purl) =by (1),(1) are fixed quantities. All these elements 
depend on Q, and this means that the whole problem of solving (2.61) has 
a nonlinear character. It may be solved by a process of successive 
approximations in @, which is analogous to Hartree’s original ‘ self- 
consistent field’ method. One starts from trial values Q® of the charge 
and bond order matrix, evaluates the matrix elements (2.80), solves the 
secular eqn. (2.79) and the linear system (2.78). From the rectangular 
matrix ¢,,, corresponding to the V ordinary solutions, one may then form 
a new approximation to Q@ by using (2.73). This defines an iterative 
procedure for @, and, independent of whether this elementary process is 
convergent or not, the procedure itself may be used for constructing a 
process of higher order, which leads to the solution desired. Algebraic 
iterative procedures were first studied by Schréder (1870), and we note 
that many of his results are also easily generalized to matrices ; cf. Hartree 
(1949). | | 


Quantum Theory of Cohesive Properties of Solids 29 


Hartree’s original device for solving (2.61) by means of numerical 
integration was so successful in the atomic case that, for a long time, it 
was the only method in use. The expansion method, described in the 
present section, was developed in an implicit form in connection with the 
MO-LCAO theory of molecules (see, e.g. Mulliken 1949), The first 
application of it was probably a treatment of the hydrogen molecule 
(Coulson 1938), and later the method has been systematized both by using 
_ the coefficients ¢ (Roothaan 1951) and by using the matrix @ (Lowdin - 
1955b). 

There is nothing which prevents us from using the expansion method 
in the atomic case, too, but one must then remember that the system Pu 
_ should really be complete when M->co. If the functions ¢, are chosen 
hydrogen-like, one must therefore properly include also the continuum, 
which gives a larger contribution than is usually expected (Shull and 
Léwdin 1955), or introduce a basic set which is entirely discrete, e.g. by 
omitting the principal quantum number n in the standard variable 2Zr/n 
in the hydrogen-like functions. 

2.2.3.3. Combined and Equivalent Orbitals —In treating a solid-state or 
molecular system, the fixed set ¢,(x) may be constructed from the atomic 
orbitals of the constituents by some suitable orthonormalization procedure ; 
see §3.2. Ifthe system has a high symmetry, it may further happen that 
certain localized combinations of these functions are particularly con- 
venient to use in investigating the properties of the system (Léwdin 1951), 
and we will discuss here a special type of such ‘ combined orbital ’. 

Let us consider the @-orbitals which are defined by either of the two 
relations M N ' 

%00= 2 $alQan= 2F WxOeh,. (2.81) 
Depending on the convergence properties of the series 2, | Qau One 
each y,-function is usually localized to «=p and its nearest neighbours. 
According to (2.74), they fulfill the relation 


| Via Alley Oin se Gy pe 2 (2.82) 
which implies that they are not orthonormal ; instead their overlap integral 
gives the total order of the ‘ bond’ between ¢, and ¢,, and the normalization 
integral gives the total charge connected with ¢,,. 

By using (2.72) and (2.74), the basic invariant ge may be expressed in 


terms of the Q-orbitals 
M 


p(X, X= a) Xp (X41) Xu(%o), : 3 c ° (2.83) 

ail 
ie. e has the same ‘ quadratic ’ form as for the ordinary Hartree-Fock 
functions ;s,. Together with the localization of the Q-orbitals, this fact 
has a special physical consequence. The electronic repulsion energy 


Toile 


[OO Mee IA ME Nas we, . 8M 
"712 ; 
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consists of a ‘ classical’ part and an ‘ exchange ’ part, which are indepen- 
dent of our particular choice of basic one-electron functions. However, 
both parts contain electrostatic self-energy terms, which may be subtracted 
away and which are dependent on this choice. For a solid-state or 
molecular system, the Hartree-Fock functions %, are molecular spin- 
orbitals, which belong to the system as a whole, and since they are 
essentially non-localized, they have a comparatively small self-energy. 
The Q-orbitals, on the other hand, have a rather strong localization, and 
this implies that the self-energy terms for =v in the expression 


‘ie > [oO en ee Oo de, . (2.85) 
Z bMv=1 "12 

are comparatively large. The part of the exchange energy which remains 
after omitting the self-energy terms occurring in identical form in both the 
classical term and the exchange term in (2.85), would therefore be 
relatively small for the Q-orbitals, and, if it is small enough, the Q-orbitals 
would be convenient for giving a purely classical description of the 
electronic repulsion energy even in the Hartree-Fock approximation. 

It is clear that the Q-orbitals, which are all related to the different atoms 
in about the same way, must be closely related to the equivalent orbitals 
recently introduced in molecular theory by Lennard-Jones and his school 
(Lennard-Jones 1949 and a series of papers by Lennard-Jones, Pople and 
Hall 1950-52). The main difference seems to be that the equivalent 
orbitals are obtained from the molecular orbitals by a unitary trans- 
formation of order N x NV, which is to be compared with the last relation 
in (2.81), where the c'-matrix is rectangular of order Nx M. From the 
point of view of symmetry, Lennard-Jones’ orbitals are all equivalent 
with respect to the atoms of the system, and they have further the same 
more or less rigorous minimum property with respect to the exchange 
energy as the Q-orbitals. 


2.2.4. Correlation Effects 

Only a few preliminary remarks of a formal nature concerning the 
correlation effects will be made here, and we note that the main discussion 
of these effects is contained in § 11. 

In § 2.2 it has already been pointed out that, since the Hartree-Fock 
scheme permits two electrons with different spins to be in the same orbital 
in space, one can expect that a rather large correlation energy due to the 
Coulomb repulsion will occur in this approximation. In order to investigate 
this problem, we will write the exact wave function of the system in the 


form 
b Va pt Poor 3 . . . . . . (2.86) 
where Yi» (HF=Hartree-Fock) means the single determinant { (2.47) 
and Yoon represents the ‘ correlation error’ in the wave function itself. 
t This definition should be modified somewhat if the state under consideration 


shows spin or orbital degeneracy, but, for the sake of simplicity, we will only 
S v 
treat the non-degenerate case here, 
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‘The energy is essentially determined by the second-order generalized 
density matrix, and, according to (2.9), we obtain 
P(X 15%) p(y’, Xp) 


D(x,'%5" | x1xX2)= : ; 
P(X_,X1) p(Xy’, Xy) 


bie 


Fer XG Xa: | xX), (2.87) 


where P= pups | rer 1X5) eg 025—= 0.) Bo eel (2,88) 
According to (2.11), we further get 
| v(x,’ | X1)=p(xy’, X1)+Ycorr(%1’ | X;); | 


| 
/ 2 : ana gg ee OO) 
Yeorr(%1 | x)= yo] Pree Xo | XX») AX y ’ | 


with Jycorm(%,) dv;=0. The exact expression for the total energy (2.14) 
may now be written in the form 


(Hop) ay SE pet Eco» Sy es od RET reg Fe OO) 


where Hy, is the Hartree-Fock energy given by (2.64), aud H 
correlation energy given by 


Aulsen he 


EH =|tyo Pr exit) + <hr (x, 'X_’ | x,x,) da, dar 2.91 
corr (ees \0 77 ee ney ne corr\™1 “2 1%2) W%, UX. (2.91) 
We note that, in this definition, the correlation energy is explicitly referred 
to the Hartree-Fock approximation and the determinant (2.47) and not 
to the simple product (2.45), which was the original starting point of our 
discussion. Formula (2.91) shows that we can master the problem of the 
correlation energy, if we can evaluate I’,,,,.(x,'Xs’ | x,X,), but here we can 
only say that, according to (2.86) and (2.9), this quantity may be found 
by integrating the products Vy. oor and Yo. ay. This problem will 
be treated in greater detail in § 11. 

_ An alternative definition of the concept ‘ correlation energy’ has 
recently been given (Green et al. 1953, 1954). The exact wave function 
is expanded as a superposition of configurations with the determinant 
of the Hartree-Fock functions as its first term : 


TE es Tee ry . yi . . . 5 (2.92) 


Here ey, is supposed to be strictly orthogonal to Myy, and since it may 
then contribute to the normalization integral, one has always | c,]<1. 
Green. et al. define their ‘ correlation energy ’ by the relation 


Eexact—| 1 |? Lae: AUS ain pean) 


and this quantity has certainly a more specific physical meaning than 
(2.91), which is really just a measure of the error in the Hartree-Fock 
approximation, but the use of (2.93) must be more restricted since the 
coefficient c, is usually not known. In the following we will therefore 
simply let the quantity Eocac,—H ay be the correlation energy. 
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2.3. Calculation of Energy Differences 

Formula (2.14) gives us the total energy of the solid-state or molecular 
system under consideration, but we note that the quantities which are 
directly available from experimental measurements are energy differences 
between two stationary states. This implies that, even if a certain 
quantum-mechanical approximation gives the total energy with a fairly 
high accuracy, it may give a poor approximation for an energy difference, 
which is small compared to the total quantities. The calculation of 
cohesive energies, excitation and ionization energies, etc. is therefore a 
rather delicate theoretical problem. 

Let us consider two stationary states of the system, represented by the 
wave functions ¥ and Y¥. We observe that the equilibrium positions of 
the nuclei in one of the states may be different from the equilibrium 
positions in the other state, and this means that both the basic Hamil- 
tonians and the density matrices in (2.14) may be different. Introducing 


the notations yy Ar=f_—f, Pe ery be 


we obtain 


* AH= (Hop) av— Hap). Ay 
1 


4 Ly, 
=A {ier sly fy Ay(a,’ | @,) dry 


ETDS z,|{e +y(2,)4 (2) dente ‘ace dz, dx a5 
g l19 Tig Tie 
(2.95) 


which expression is exact within our original assumption, neglecting 
relativistic effects and the minimum vibrations of the nuclei. In comparing 
theoretical results with experimental values, it should be observed that, 
according to the Franck—Condon principle, the energy differences obtained 
by spectroscopy in most cases refer to ‘ vertical transitions’ with the 
nuclei in fixed positions. This depends on the fact that the electronic 
transitions associated with the emission or absorption of a photon goes 
so rapidly in comparison to the nuclear motion that the nuclei do not get 
time to change their positions until the radiation process is over. 
According to (2.90), we may also write the energy difference (2.95) in 


the form 
AE=AEyy+4E (2.96) 


corr ? . . . . . . 


of which we will consider the Hartree—Fock term first. Using the effective 
Hamiltonian (2.62) for one of the states, we obtain 


ZB, 
AE w= 444 e piel eDZ,| p (xy) A] —} ae, 
gh 


gh g 
Ap(1,1)4p(2,2)— Ap(1,2) 4 p(2,1) 


Tie 


dx, dx,, 
(2.97) 


+ | Hal) Ap (x’;, X,) deey+e*| 


Quantum Theory of Cohesive Properties of Solids 33 


but, in treating two equivalent states, the following more symmetrical 
formula may also be useful : 


ABA} 1 Spl soo} ea 3 [OR AOD) a{=el Gh, 


gh "gh - g 2 "19 
A eA) + Hog (1 : 
+| ia ag al) APA Xn Xi) Oa (2.98) 


For the correlation term, we get correspondingly 


bo 
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(2.99) 


In the past, the work in the literature has been concerned mainly with the 
Hartree-Fock term, and comparatively little attention has been paid to 
the correlation term. In fact, most of the work has been carried out in the 
somewhat optimistic hope that the correlation term in (2.99) should turn 
out to be very small and sometimes entirely negligible. One thing is sure 
—if electrons with opposite spins are forced together in the same domain 
of ordinary space by considering orbitals which are doubly occupied, then 
the correlation energy for each state must be comparatively large. 
However, if both states under consideration suffer from this defect to the 
same extent, it could happen that the errors cancel and that 44,,,, will 
come out small (Seitz 1940, p. 348). On the other hand, if some doubly 
occupied orbitals in one of the states is replaced by twice as many singly 
occupied orbitals in the other state, we can expect that 4F,,,, will be of 
an appreciable order of magnitude, and this effect will be of essential 
importance in the theory of ionization and excitation, as well as in the 
calculation of the cohesive properties of e.g., the alkali metals. 

In molecular theory, the Hartree-Fock scheme has in many cases been 
rather successful in obtaining good agreement between theory and 
experiment without the inclusion of the correlation term. In this 
connection it should be emphasized that, only if the Hartree-Fock scheme 
has been carried through to completion, may such an agreement be taken 
as an indication that AZ,,,, is really small. If the Hartree-Fock cal- 
culations have been performed with considerable approximations, 
the eventual agreement obtained could easily be fortuitous, since 4F,.,, 
and some terms left out in 4H, may cancel more or less systematically. 
The numerical computations involved in evaluating 4Hy, are of a 
formidable character, and, since it is still harder to calculate 4E,,,, 
properly, it is understandable, that many theoretical short-cuts giving 


DZ 
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often good agreement with experience are used. Some of these will 
probably appear later to be justifiable, while others might be more dubious. 


2.3.1. Lonization Energies 
In a system with fixed nuclei, let us first consider the removal of one 


electron to infinity, so that the ionized system contains only (N—1) 
electrons. According to (2.50), we then get for the basic invariants. 
p= ’ Tr (p)=N ’ 
e°=P, Tr (p)=N—1s) 2 ee 


Since nothing new is added to the system by the ionization, we will start 
from the assumption that the subspace defined by e belongs to the sub- 
space defined by p, i.e., p=epe. This assumption is only approximate, of 
course, and its accuracy has actually never been tested. Together with 
(2.100), it leads to the relations 


(4p)?=— de, Tr (4p)=—1, . a nl TORS 
which show (Léwdin 1955 b) that 4g—p—p may be expressed in the form 
Ap (x, X2)=—o;* (X) oi; (He), . . . . - (2.102) 


where , (x) is an undetermined normalized spin-orbital. For this product 
form of 4p; the last term in (2.97) is identically zero, and we obtain 


ABgp= | Hop (1 ) Ap (x,',x,) dry 


=—|ys (x7) Hew (1) b; (Gy) dae se eos) 
Neglecting 4H,,,,, we have consequently 
(Fp) p= (Hop) ay fue Hog dx, , - + +. (2,104) 


and the extreme values of (H Ht) av are therefore associated with the 
extreme values of the last term, which occur when %; is an eigenfunction of 
Hog, 1.€., Hog b=; ;. Hence we obtain 


A4Eyp=—<e; © 4 ‘ ° > « . . (2.105) 


This theorem (Koopmans 1933) gives a specific physical meaning to the 
individual Hartree-Fock functions #;, which are solutions of the eigenvalue 
problem (2.61) and to their spin-orbital energies «;. The wave function 
_ for the ionized state may now be obtained by expressing the original wave 
function as a Slater determinant of the N individual Hartree—Fock 
functions and then striking away the column containing 5; together with 
an electron row. 

It is immediately clear that, if the ionized electron is removed from an 
orbital which is doubly filled, the quantity 4Z,,,, neglected here may have 
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an appreciable value. Because of the simplifying assumption about ep and 
@, namely that the former should contain the latter, the Hartree-Fock 
approximation is not consistently performed, and, since there might ee a 
reason leading to a cancellation of these two errors (Mulliken 1949), i 
could happen that the quantities —e,; give values of the ionization eats 
in surprisingly good agreement with enone Several points here need 
further investigation (see e.g., Hall and Lennard—Jones 1950). 


2.3.2. Hacitation Energies 


Let us now consider a vertical transition i > 7 of a single electron. Here: 
something is taken away from e at the same time as something new is 
added, and we will therefore start from the relation 


e=p+4e=p+4e,—4p;, . . - . +. (2.106) 
and assume that the three matrices p— 4p,, e, e+ 4p, are all idempotent 
(e”?=e. etc.) and such that the first belongs to the subspace defined by the 
second, and the second to the subspace defined by the third. This implies 
(Léwdin 1955 b) that 4p; and 4p; may be expressed in the form 


Ap; (1, Xa) =," (Ky) bj (Ke), Ap; (1, X2)=,* (Ky) bj (Ky), (2.107) 


where ys; and %, are undetermined normalized spin-orbitals. 
- Using (2.62) and (2.107), we may now derive the auxiliary condition 


| 4Ffen(1) Pe ay eet hob) ida == 0 2) han ©, (27108) 
which together with (2.98) gives 
ABge= | Hog(1) Ap, (1’, 1) de, 
— | Aeg() Ap; (U's Wye ee et? Sorort09) 
Neglecting 4/,,,,, we then obtain 
Cio) a Hoy) av + fy Hg yp; ae, 
— [We Hoe piday ' . . . (2-110) 


The extreme values fer (H, op av are therefore obtained when the two last 
terms have their stationary values, i.e., when the functions %,; and %,, 
satisfy the eigenvalue relations 


Hog bs=€; b, Hopbep;, - - . . (2.111) 
This means that y, is an eigenfunction of the original effective Hamiltonian, 
whereas ;, is an eigenfunction of the effective Hamiltonian belonging to 
the excited state and we will therefore in the following write 4, instead of 


enc ota FAP ea ene eee Pil AV RY) 


ie., the excitation energy is the difference between two spin-orbital 
energies associated with different effective Hamiltonians. In treating the 
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excited state, we have assumed here that its wave function may be 
represented by a single Slater determinant (2.47) and this implies that the 
energy level refers to the ‘ centre of gravity ’ of the various spin multiplets. 
The latter may be separated by special methods (see e.g., Léwdin 1955 c). 
We note that the single determinant Y for the excited state may be 
obtained by replacing the function ys; in the ground state Slater determin- 
ant by the excited spin-orbital s,, which is a solution of the first relation 
(2.111). The basic orthogonality between the total wave functions Y¥ and 


W follows from the relation 

| tt AH ede d 0,5. eee tae) 
which together with (2.111) ensures orthogonality between the spin- 
orbitals %; and y%;. 

We observe that the relation (2.112) is not exact even within the 
Hartree-Fock approximation, since it is based on the simplifying assump- 
tions (2.106) and (2.107), the accuracy of which has never been actually 
tested. In considering 4H,,,,, the same remark holds as mentioned in 
connection with the ionization energy, and this means that (2.110) may be 
further affected by a large correlation error. Even the exact treatment of 
(2.110) is rather complicated, since it implies that one has to solve the 
Hartree—Fock equations (2.111) for both the ground state and the excited 
state under consideration. According to (2.26), we have 


Ap(2,2)— Ap(2, 1)P 


oe (1)= Hog (1) +e? day, . (2.114) 


J T49 
and one may then be inclined to try to derive the eigenvalues of H, er DY 
perturbation theory. The crude first-order approximation gives 


6, | p;* ie b; dary 


ae dz, .. (2.115) 
rie 


where e; is a virtual spin-orbital energy associated with the ground state 
effective Hamiltonian (cf. Roothaan 1950, §4). It should be noted, 
however, that H,._, may have an eigenvalue spectrum which could show 
essential differences from the eigenvalue spectrum of Hp (Slater 1954), 
and formula (2.115) would then break down. At all events, there are 
apparently several points not clear and yet to be investigated, and we are 
still far from an exact quantum-mechanical theory of the excitation 
energies. 


2.3.3. Cohesive Energy of a Solid 


The cohesive energy of a solid-state or molecular system is defined as 
the difference between its total energy and the energy of its free 


constituents : 
E n= Lites se ek 
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Since the cohesive energy is a small quantity which is the 
difference between two large quantities, one must be careful in carrying 
out the subtraction and try to arrange the procedure such that the large 
contributions in each term will cancel each other identically. Formulas 
for the cohesive energy of special solids as e.g., the ionic crystals, have 
been derived by several authors (Hylleraas 1930, Landshoff 1936, Lowdin 
1948 a), but the deductions have usually been rather complicated. In the 
cellular method (see e.g., Seitz 1940), simpler formulas for the cohesive 
energy have been obtained, but one has then usually assumed that the 
Hartree-Fock equations for the solid have been solved in an exact 
form. 

Here we will try to derive a general and simple formula for the cohesive 
energy of a solid in the Hartree-Fock approximation without the explicit 
use of the exact orbital energies. According to (2.64), the total energy is 
given by 


Z 1) 2 
Bopp = fod! eh 5a | Ps? p(1', 1) day 


Aa Pilel\o(222) = pls 2)o(25 1 

—eZZ, pO ae +40 a ee diy, 
J 12 

(2.117) 


where p is the basic invariant. The total energy of the free constituents is 
given similarly by the formula 


: (1, 1) 
Epes n9=2 455 | P2 pg(l’, 1) dx,—eZ, |e ae, 


"19 


+ de? feet 1)p ,(2, Sede, 2)p (2, ie dey) (2.118) 
be 12 


where p, is the basic invariant for the free constituent gy, which is here 
assumed to be an atom or ion with a single nucleus. We note also that, 
according to (2.62), the effective Hamiltonian for this constituent is given 


by 


j 1 p (2, 2)—p (2, (VE 
Hep, (1)=5-PP—? PX io 


Zs +e <n eno. e119) 


"19 "12 
In order to carry out the subtraction (2.116), we will now assign the various 
parts of the electronic charge cloud in the solid to its nuclei g in such a way 


hen Be) Rte Ms ea a 120) 
g 
and introduce the formal difference 
Ap, (X,, Xo)=Py (X,, Xo)— Pg (xy, X») ay Oe, ee) 72 (2.121) 


Peihiee the deformation of the constituent g when placed into the solid- 
state system. We note that, even if the quantities e, and 4p, are 
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mathematically well-defined and convenient to use, they have no definite 
physical meaning, since the assignment of the electronic charge cloud to the 
nuclei in (2.120) is by no means unique ; see § 2.1.2. ; 
Introducing expansion (2.120) into (2.117), dividing the double sums. 
occurring into two parts 
pap > ee kt Med 


gh gh g 


using the relation p,=e,+4p, in the last sum, subtracting the expression 
(2.118), and utilizing (2.119), we obtain 


VAN es als Sele 
Eon, pR=3e —— —#2'L, | pall, ©) 
gh gh 


Yon "1g 


dx, 


aang 1)p,(2, 2)—p,(1, 2)p ,(2, 1) 
"12 


+ 402d" | dx, das 
gh 


+24 | Honst)4p (0 1) dx 
g 


Ap,(1, 1) Ap (2, 2)— 4p, (1, 2)Ap ,(2, 1) 


lye 


+e? ( dx, de,}. (2.123) 
This formula is simpler and more general than a previous expression 
given by us (Léwdin 1951 a). It has a certain physical meaning: the 
first term represents the Coulomb repulsion between the nuclei g and h 
(gh), the second term the attraction between the charge density p,, 
of the nucleus /: and all other nuclei, the third term the Coulomb repulsien 
between all different charge clouds e , and ge, (yh) including the exchange 
effect, and the fourth term the energy change within each constituent g 
when placed into the solid. There are, of course, the same formal con- 
vergence difficulties as in (2.14), but they are easily handled by the general 
method developed in § 2.1.2. 

The division of the cohesive energy in (2.123) is useful, but we must 
remember that it is not physically unique but dependent on our special 
choice of densities e, in (2.120). In the cohesive energy we can, in fact, 
distinguish only two essential physical quantities, namely the change in 
kinetic energy given by the formula 


Po Dida li day oe ee oat ee oer 
and the change in Coulomb energy given by the remainder in (2.123). In 
the basic Hamiltonian (2.1), the Coulomb energy consists of three parts 
referring to the nuclear—nuclear, electronic-nuclear, and electronic— 
electronic interactions, respectively, which are still kept in (2.123) but 
after combining these three parts properly in a convergent form according 


to § 2.1.2, they will become unavoidably mixed up in the final form for the 
cohesive energy. 
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We will now give also a second form of the cohesive energy, which will be 
obtained by substituting p,—e,-+ de g everywhere into (2.123) 


Di P 
Ty ee ie eS | Pall) 4, 


iL 
gh gh gh lye 


44025" Pease Pete Dax", 1) 


dx, dx, 
gh - 


Tie 


a NOL ieee 
lg 


gh 


1 


4 etn" [ Aea(l Ded, 2)—Aay(l, 204021) 


= dx, dx, 
aie 


gh 


+24 | Hano(t)4p6(1's 1) dey} 
g 


Ap(1, 1)Ap(2, 2)—Ap(1, 2) Ap(2, 1) 


T12 


+1e] dv, diy. . (2.125) 


Here Ap(1, 2)=2Ap,(1, 2) Mere tiers | a5 ir los ba) 
g 


is a density with the total charge zero : | Ap (1, 1) dv,=0. Formula 


(2.125) is simpler and more general than a previous expression given by us 
(Léwdin 1948 a), which has been used frequently in the theory of ionic 
crystals. The cohesive energy is here expressed in terms of the densities 
of the free constituents placed together in the solid-state system and the 
deformations 4p,. The interpretation of (2.125) is analogous to the 
interpretation of (2.123). ; 

In the previous derivation of the cohesive energy resulting in formulas 
(2.123) and (2.125), there is an ambiguity, since the charge cloud of the 
solid-state system cannot be divided into parts which are uniquely 
assigned to the nuclei of the system. We will now show that the sub- 
traction procedure in (2.116) can be carried through without any such 
explicit assignment. Let us define a fictitious density matrix 


DU A2) ar ok liga hen wee ee ie) (2107) 
g 


obtained by adding the density matrices of the free constituents but placed 
together in their proper places in the solid-state system. This means that 
e is usually not a basic invariant associated with a specific Slater deter- 
minant. Let us then define the total difference 


A ptt o\ = ale 2 ato ee eno 128) 


between the actual density matrix and the fictitious one. Putting 
p=p+4e, expanding p by (2.127) in terms not containing Ap, and 
subtracting the energy of the isolated free constituents, we obtain 
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ees 20 -#2Z,| prt. 1) 


E Ves 
coh,HF™~ 2 oh rep on oe 


| poll, L)pa(2,2)—poll, 2)on(2, 1) 


dx, 
dx, dx5 


+ | Hug() 4p’, 1) dey 


da, dws; . (2,129) 
"12 


where H, ar(1) is a fictitious effective Hamiltonian, obtained from (2.62) by 
formally replacing p by ep. Expansion of @ in this quantity leads to the 
form (2.125). 

We note that all results in this section are derived without the explicit 
use of the Hartree-Fock equations (2.61), and this is of importance if the 
basic invariants ep and e are not based on ewact solutions of these equations. 
In order to get the connection with the formulas used in the ‘ cellular 
method ’, we can, of course, apply the same general discussion and subtrac- 
tion procedure to the energies in the form (2.65), but we must use solutions 
of (2.61) of sufficient accuracy. 

We have here concentrated our interest on the Hartree-Fock part of the 
energy. The correlation energy may be treated analogously, but since the 
equations have mainly formal value, as long as we do not know 
Door(®'y X'g | X1 Xq), they will not be given here. 


§ 3. SymMETRY FUNCTIONS AND ORTHOGONALIZATION PROCEDURES 


The mathematical difficulties occurring in the theory of the electronic 
structure of solids may be simplified greatly by using the symmetry 
properties of the crystal systems. ‘Group theory is here the strong and 
natural tool, but, since it may be considered as rather a specialist’s 
mathematical device, we will in § 3.1. give elementary deductions of the 
basic formulas for symmetry functions by using a * projection operator ’ 
formalism instead. 

In a crystal theory based on atomic orbitals, the question of their over- 
lapping and non-orthogonality will always be an important problem, and 
in §3.2. we will therefore give a short description of the various ortho- 
normalization procedures now available. 


1. Projection Operators 


The operators O fulfilling the relation O?=O are called ‘ projection 
operators ’ (see e.g., v. Neumann 1943), and they have proved to be 
extremely useful in both mathematical and physical problems. The 
‘ projection ’ of a wave function Y with respect to O is defined by the 
function OY, and the ‘ projection’ of an operator Q is defined by the 
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operator O20. We note that the projection of a Hermitian operator is 
again Hermitian. 

a In this paper we have already met two projection Operators, namely the 
antisymmetrization operator (N!)-1/2@ and the Fock—Dirac density 
matrix p (X,X»). It is a characteristic feature of the projection operators 
that they select certain properties of the object : the antisymmetrization 
operator applied to an arbitrary function selects its antisymmetric 
component, whereas the Fock—Dirac density matrix applied to an arbitrary 
matrix selects its component within the subspace of the abstract Hilbert 
space, which is considered in the Hartree-Fock approximation. In this 
section we will treat projection operators of a still simpler type. 


{ 
3.1.1. Constructing Projection Operators 


There is one case important to us, in which the projection operator for 
selecting a desired property is easily constructed. Let A be an arbitrary 
operator which is either self-adjoint or commutes with its adjoint matrix 
A‘, so that ATA=AAT. Such an operator may be written in the form 

A=Q,+1Q,, A=), —iQ,, . . . ° (3.1) 


Piet 2a ANideie 9. foc (3,2) 


where 


are two Hermitian operators, which also commute with each other. 
These Hermitian operators also have simultaneous eigenfunctions % 
with real eigenvalues a and 6, respectively, which gives 


Ap=(a+1b) J=Af, 
Mi (Ge tb) ee eee oe (8.8) 


The functions y are therefore eigenfunctions of A and At, too, correspon- 
ding to the complex conjugate eigenvalues A and A*. For Hermitian 
operators, eigenfunctions % belonging to different eigenvalues are always 
orthogonal ; eigenfunctions belonging to the same degenerate eigenvalue 
may be chosen so. An operator A commuting with A' may therefore be 
considered as a simple generalization of the ordinary Hermitian operator, 
and we will here call such an operator a complex-Hermitian operator. One 
of the most, important types of operator of this class is the unitary type of 
operator U, characterized by the relation U iO UiaG 

For the sake of simplicity, let us now assume that / has only a finite 
number of eigenfunctions 7, with the eigenvalues A, (v=1, 2,...m) so 


a Al aetna Ne a ere a(S a) 


If y is an arbitrary function associated with the subspace defined by the 
orthogonal set ys, , it may be expanded in the form 


n 
= 2 cite fe goa Ap ee see as (3.5) 
=1 
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The problem is now to construct an operator O, , which applied to x selects 
only the term in this expansion corresponding to v=k : 


OF X=, by ’ . . . . . . . (3.6) 


ie., which takes out the ‘ orthogonal projection ’ of the function x on the 
eigenstate & of the operator A. 

We note that, according to (3.4), we have (A—A,)/,=0, which means 
that the factor (A—A,) annihilates the term for v=p, the product 
(A—A,,(A—A,) annihilates the terms for y=p and v=q, etc.; it is then 
easily seen that the product operator 


ve 
O,= UW (A—dA,)/(A,—A,), 2 Pe Ge ee ae 
y=1,2,..n 
has the selective property (3.6) desired. This operator is a real projection 
operator : according to (3.4) one has (A—A,) O0,=0, and, since the factors 
in (3.7) may be written in the form 


(A—A,)/(A,z—A,) = 1+(A—A,)/(A,—A,) ? arene ce) 
we can easily prove the two relations 
OV=O07, 0,0 =O (kh)... eee 


We note that the functions %, are also eigenfunctions of the adjoint 
operator A‘, and this implies that we can construct the projection operator 
O,, in (3.7) in an alternative way by replacing A, d,, and A, by At, A,,*, and 
\,*. We have further (At—),,*)O,=0, and we can then easily show the 
basic formula 

OS! OO py oe ee ee 


which will be of practical importance in our applications. 


3.1.2. Symmetry Functions in Systems having Cyclic Symmetry 


As a first example of the projection operator formalism, we will consider 
a system having cyclic symmetry of integral order G. Let us assume that 
the basic symmetry operation @, working on the coordinates of the wave 
function, commutes with O07 and fulfills the relation 


O%—1, Vit Leeann bok amet OsL 


which immediately shows that @ is a unitary operator. The only possible 
eigenvalues of @ are then the G roots of unity : 


0,=exp (27iv/G), v=0,1,...G—1. . . (3.12) 
According to (3.7), the projection operator for selecting the state with the 
eigenvalue 0, is then given by 
Per te Lt, Tener la 
k— G 10,01 G zs 0. Q- 3 <TR: tee es pe (3.13) 


v=0 
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where the constant factor 1/@ is determined from the condition that the 
polynomial O,(A) must fulfill the relation 0,(6,)=1. If Xo is an arbitrary 
wave fnction, its projection on the kth eigenstate of @ is now defined by 


1 @-1 
b,=0,, xo & D0 ge OF” Xo 
v=0 
] @=1 
aia & x, exp (2rivk/G) , Re ice ek ira Soa Ee 
v=0 


where y,=@0-’yo. This projection fulfills the eigenvalue relation 

Ov = OxpicanemG ee We Ls) = (318) 
Such a function 7s, , which is an eigenfunction of a symmetry operator 9, 
will in the following be called a symmetry function. These functions have 
particularly simple properties, as will now be shown. 

Let us now consider the operator Q,, for an arbitrary physical quantity 
of the system, which commutes with the symmetry operator @, and let us 
form the matrix element with respect to two symmetry functions ,; and 
#y1, Which are obtained by the projection of two arbitrary functions y, and 
XII: 

$1 = OX %y=Oixn - Bai pate pa: va(3-10) 


By using the basic formula for adjoint matrices 


| 0,0*®, (dx) =| S/O. TRICE Rane te aot Cae 
where, in treating crystals, we integrate over the ground domain and assume 
that the functions fulfill the Born—v. Karman boundary condition, and 
further the relations (3.10) and (3.14), we obtain 


| oar 2op Prralde)= | x¢%1 OF 2 QppOrxer (Ae) 


= 8 x1 | x QopO xr (dx) 


1. @1 han 

= Gm % exp (2rivk|@) | yop yt deys 200G 18) 

with yy; ,=9-"xy. This formula shows that symmetry functions ¢,; 

and beat belonging to different symmetry eigenvalues 6, and 6, do not 
combine. For 2,,=1, we obtain in particular 


Ga1 . 
| ota Pry (dw) =G? 8, 2' exp (2rivk/@) | X*r Xt,» (dv), 4 (3.19) 
v=0 


which relation for k=/ and I=II gives the normalization integral and for 
k+l the orthogonality property. By means of (3.18) and (3.19), we can 
now easily compute the expectation value of any operator {2,,, which has 
the basic symmetry of the system, with respect to the eigenstates of the 
symmetry operator 0. 
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*3.1.3. Use of Approximate Projection Operators 

In constructing the projection operator (3.7), we have assumed that all 
the eigenvalues \, of A are exactly known, and this basic condition is in 
fact fulfilled for all the applications to be given in this paper. However, 
we note that, even if only approximate eigenvalues 4, are known, a formalism 
using approximate projection operators O, may be quite useful. Let 
O,(A) be a polynomial in A defined by (3.7) but with the exact eigenvalues 
X,, replaced by the approximate ones : 

vek 


O,(A)= TL (A—A,)/(A,—A,)- 
According to (3.4) and (3.5), we then obtain 


The exact polynomial O,(A) is characterized by the properties 
OA)=1; O,(A,)=9, vFk, 


whereas we will here assume that the approximate polynomial O,(A), 
which fulfills the same relations for the approximate eigenvalues A, at 
least satisfies the conditions 
| 0,(A,)/O,(A | Sa<l. vk 
for the exact eigenvalues. 
The eigenfunction 5, may now be found by repeated use of the approxi- 
mate operator O,(A), for, in each step of this procedure, the contributions 


from the terms for vk are diminished in comparison to the term v—k. 
The expression 


(0 ,(A”)}x= z OxA,)}? xy by 


converges towards a multiple of a when p—> ©, and this means that 
0,” converges towards a multiple of the exact projection operator O ,. 

"This method for determining eigenfunctions may be used both ana 
ally and numerically. In treating the secular equations occurring in the 
theory of molecules and crystals, we have used a numerical procedure 
based on this idea for some time in our computational group, and we have 
found it surprisingly convenient. Further details will be published 
elsewhere. 


3.2. Orthonormalization Procedures 


In the quantum theory of molecules and solids, it is often convenient 
to expand the wave function under consideration in terms of some basic 
orthogonal set ; see e.g., § 2.2.3.2. It could happen, however, that the set 
P,, Dy, Os, ... most naturally available is non- orthogonal and has overlap 
integrals of the form 


A= | O.* ®, dr sed. on ee a(S eon 
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This will, for instance, be the case, if we start our discussion from the 
atomic orbitals of the constituents of the system, but even other cases are 
of importance. The matrix A=1-+S formed by the elements 4,,=6,,+S,, 
will be called the overlap matrix. If the set @,, is normalized to unity, we 
have S,,—1 and Schwarz’ inequality gives further [Sie [sel for pe. 
The main problem is now to find a linear transformation of the set ®, 
which leads to a new set ¢,,, which is orthonormal : 


| $2" 4, dr.=8,., Meyer hat 359 1) 


and several procedures will be described here, which are of importance in 
different physical applications. 


3.2.1. Successive Orthonormalization by Schmidt's Method 
The simplest and most well-known orthonormalization method is based 


on a recurrence procedure by Schmidt, which may be condensed into the 
formula 


i —1/2 
$\=®, Ay : 2 
8 ‘ 
r= U6 Y —1/2 
Pn4i= a= = Pu C.. Fog) An+1 ’ 
= 


4 Oe gels ©, day, fee ee (5 93) 


n 


Selo Sy tT Y 
Ani Arey n+1 . C n+1,pu Ug n+1* 
L= 


In order to systematize the calculations, it is convenient to introduce the 
normalized coefficients 


Cn+1, nti=Fney 1, Cu, nti=Cy, n+1 es ? EOS, 
and the first relation (3.23) then takes the form 
n 
Pn4i=On41 Cn+1, nt1— oe OaCn eet: (3.25) 
Le 


Changing the index (n-+1) to uw and substituting the expansion into the 
second relation of (3.23), we obtain 


a1. 
Ca nti", BL Sis n+1— oa eve C,, 1-1 2 O : (3.26) 
y= 


which leads to a convenient scheme for successive evaluation of the 
unnormalized coefficients C,, ,,,; the normalization is finally provided 
by the third relation (3.23). 
Schmidt’s procedure starts from the normalized form of the first function 
@,, and the functions ¢,, $9, ¢3,.-- are then successively obtained by 
addition of one ©-function in each step. If any function ®,,, depends 
linearly on the lower functions ®,, ®,..@,,, one has i. 41=0, and the 
corresponding ¢-function will then automatically be omitted. 
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3.2.2. Symmetric Orthonormalization 

The result of Schmidt’s procedure depends on the order in which the 
functions ®,, ®,, ®,, . .. are introduced in the orthonormalization process. 
We will now investigate whether all the ®-functions may also be ortho- 
gonalized on an equivalent basis (Lowdin 1947, 1948 a, 1950). Let us carry 
out an arbitrary linear transformation 


$,=26,A 


/ we 


(3.27) 


and require that the set ¢, should be orthonormal and fulfill (3.21). 
Substitution of (3.27) into (3.21) leads to the matrix equation AiAA=I, 
which has the solution A=A~1/2B, where B'B=I, provided that the 
matrix A~1/2—(1-+S)-1/2 evists. Choosing in particular B=I, we then 


obtain p= PA~1? or $20 (I-S)Mt, 2. 2 be S28) 


as a formal solution of our problem. We note that here all the ®-functions 
are treated on an equivalent basis, but, by another choice of the matrix B, 
we could also have obtained Schmidt’s procedure. 

3.2.2.1. Case of Small Overlap.—tf all elements S,,, are sufficiently small 


py 

so that the condition 
Se lesa 3.29 
a | ies l<q ( ) 


is fulfilled for all ~, one can easily show (Courant—Hilbert 1931, p. 16) that 
the series (I-+S)-¥2=1—4S+382-4+... . . . . (3.30) 
is convergent, and the solution (3.28) may then be represented in the form 


=O, — ISP Say + IDPS pS p,—+- ice (3.31) 


The terms in this series were discovered successively (Landshoff 1936, 
Wannier 1937; see also Wonssowski 1954, p. 276) but even the second- 
order terms were not given completely until the exact solution was found 
(Léwdin 1947). In most applications to crystal theory, the overlap integrals 
between the atomic orbitals of the constituents are unfortunately not small, 
and this implies that the series (3.30) instead of being convergent is usually 
rather strongly divergent. This does not mean that we cannot use the 
atomic orbitals for constructing an orthonormalized set, but that we have’ 
to evaluate the matrix A~/?=(I-+-S)-1/? by other methods. 

3.2.2.2. Convergence Problem and Measure of Linear Dependence —The 
relation (3.29) gives us only a sufficient condition for the convergence of 
the series (3.30), and we will now consider this problem in general. 

First of all, we must investigate what happens if the basic set ® 
(u=1, 2...) is exactly or approximately linearly dependent in any 
form. For this purpose, we will consider the minimum value d.... of the 
integral n n ts 
a= || 4 OD, dv, Fie yA pen 9 es... (3.02) 

k=1 k,l=1 


under the auxiliary condition 2X, |, ?=1; this quantity d,,,, is called’ 
the measure of linear dependence (see, e.g., Courant—Hilbert 1931 p. 51) 
; ath 
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In order to find the extreme values of (3.32), we will vary the coefficients 
¢,, and in this way, we obtain a series of equations analogous to 
(2.76)-(2.79). We get the eigenvalue problem 
Ae doy, c= 0,a ene ene 3/33) 
1=1 
with the secular equation D(d)=det {4,,,—d8,,}=0. From the product 
form D(d)=(d,—d)(d,—d) .. . (d,,—d) follows 


D(0)=det {4 ,)} Bete okie nears 1) 

and further Age GRU A a ae rs eS Vu (388) 

According to (3.32), a necessary and sufficient condition for the linear 
dependence of the basic set ®, (u=1, 2, ...n) is 

da Ope oe Seem ie os) (3.86) 


Because of (3.35), this condition is entirely equivalent with the vanishing 
of Gram’s determinant det {A ,,}, which is therefore also a necessary and 
sufficient condition for the linear dependence of the set under consideration. 

For each eigenvalue d;. we may compute the corresponding coefficients 
¢,, from (3.33), and all these coefficients then form together a unitary 
matrix U of order n, which transforms the overlap matrix A to diagonal 


form : WAU d= diavonalimatrix: > 28). °(8.387) 
According to (3.32), the eigenvalues d; can never be negative, and this 


may also be seen from the fact that they are the normalization integrals 
associated with the orbitals 6U : 
d—UtAU=U'(@t; &)U=(U'@!; BU)... | . (3.38) 
The subsequent part of the discussion must now be divided into two cases, 
depending on whether the basic set is linearly independent, dmin 9, or not. 
Case of linear independence.—In this case, we have dmin~0, and this 
implies that all quantities d; are positive and that all the quantities d;-1/* 
exist and may be chosen positive. By using (3.37) and the theory of 
unitary transformation, we may then construct the matrix A~1/ by the 
formula A=22Ud-¥2UT = 2. oi 28) (8.39) 
without any series expansion. More generally, we may construct an 
arbitrary algebraic function f(A) by the formula 
f(A)=Uf(UTAU)UT—Uf(d)UT,  . . . . (3.40) 
provided that the quantities f(d,;), which are the diagonal elements of 
the matrix f(d), exist. According to (3.28), the orthonormalized set ¢, 
is now given by the matrix formula 


p=@Ud ut. |. Cs” C841) 

or by Pu==PyA au» A,,=2U Cede haat) 
a k 

General convergence problem of the S-series —The formalism developed 


makes it possible for us to discuss the problem of the convergence of (3.30) 
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in general. The S-matrix of order n is also transformed to diagonal form 
by the unitary transformation U 
UtsUss; nh ee 


where s,=d;—1l. We have further 
Ut(I+S)-12U=(I+s)-12=I—}s+ gs°*—+..., . (3.44) 
where the power series expansion in the diagonal matrix s is convergent if 
—l<s<the 2 eee 


for all the eigenvalues s;; otherwise it is divergent. Since U and Uf 
are unitary transformations, the two series (3.30) and (3.44) are convergent 
(or divergent) simultaneously. 

In case the given set ®, (w=1, 2, . . . ) is linearly independent, we have 
dmin>0 and smin>—1, and the lower limit in (3.45) is never reached. 
The series (3.30) and (3.44) are then convergent if smax<1, but they are 
divergent if any s;>1, ie., if any d;>2. 

The latter case will often appear in connection with the large ov erlapping 
occurring in crystal problems, but, even in this case, there exists a 
convergent series expansion of the matrix (I-+-S)-1/. Putting 


I+ S=(1+Smax)(I—e), «= 7 (I-s548), . (8.46) 


and noting that s,,,,>0 since Tr (S)=0, we can immediately check that 
the eigenvalues of o lie between 0 and | : 


0<o,;<1 WOrERRr re beers ey 


where the upper limit is approached, if the basic set ®,, shows any tendency 
to linear dependence. The series 
(I+-S)-1/2= (1+ smax)~¥/?(I+-46+ 207+...) . . (3.48) 
is therefore certainly convergent in the linearly independent case, but it 
should be added that, if the overlap is large, the convergence is often 
comparatively slow. The series is therefore usually convenient for 
numerical purposes, only if some device for matrix multiplication is 
available. 
There remains to be considered the connection with the suflicient 
condition for convergence (3.29), which is provided by Frobenius’ theorem 
(Coulson 1950) saying that, if sy is the absolutely largest eigenvalue, there 


exists ei Sad fen 8 ys as Oe 
m% ,e oor 


This theorem is easily proved, if we observe that, according to (3.43), we 
have $"—Us”"U?t and 
/m 
lime {S™ jee lim | 2 a U Uys |! =S8. . . . (3.50) 
m-> CO m>o k= 


On the other hand, if 2,|S,,| <q, we have also |S”, | <q” Biel 
|S”, "<q, which gives (3. 49). The implication of (3.29) is therefore 
that the lowest eigenvalue of S$ must be larger than —1, whereas the 


5 
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largest eigenvalue must be less than +1, and, according to (3.45), the 
series (3.30) is then necessarily convergent. 3 
. A corresponding simple sufficient condition for divergence of (3.30) will 
be given in (3.68) in connection with the orthonormalization of the 
symmetry functions. 

Case of linear dependence—This case is characterized by dmin=0, 
which implies that one or more of the eigenvalues d,, dy, . . . d,, are equal 
to zero. It is immediately clear that the matrix A~1/? no longer exists, 
and practically all our previous formulae break down. However, we 
observe that, in the linearly independent case with the general solution 
(3.41), there is also an alternative solution of the orthonormalization 
problem represented by the formula 


Cae DU C8. tay Were gi on > 2G (9.51) 


since ~ and ¢ are connected by the unitary transformation C= @U. 
_ Even in the linearly dependent case, the functions given by (3.51) or by 


Gee AD. Uh ee we es (S352) 


exist for d,4~0, and they form an orthonormal set, the order of which 
equals the number of ®-functions minus the number of vanishing eigen- 
values d;. It may be convenient to arrange this set according to decreasing 
values of d,, since the quantities d,—1/ give the upper limits to the absolute 
values of the coefficients in the expansion (3.52). 

From (3.32) it is clear that each vanishing eigenvalue d; corresponds to 
a linear relation between the ®-functions of the form 


n 
De Gr con One Ore Ate. (3.53) 
k=1 


and formula (3.52) for d,40 gives therefore the correct number of 
linearly independent functions associated with the given set. The general 
solution of the orthonormalization problem is therefore given by (3.52) 
or by a unitary transformation of this set of the order of the set. 


3.2.3. Combination of Symmetric and Successive Orthonormalizations 


It is clearthat, if our basic set ©,, ®,, D,.. . consists of, e.g., the same type 
of atomic orbital distributed in an equivalent way over a system of nuclei 
forming a crystal lattice, the symmetric orthonormalization procedure 
must be particularly convenient both from the mathematical and physical 
points of view. On the other hand, if the given }-functions contain atomic 
orbitals of several different types—ion-core orbitals, valence orbitals, 
excited orbitals, etc.—it is not a priori evident that they are best treated 
by an entirely equivalent orthonormalization. Instead a combination of 
the symmetric and successive orthonormalization procedures will be 
suggested : we will start by considering all atomic orbitals of the same 
type, which are then orthonormalized by the symmetric procedure 
described in § 3.2.2, and we will afterwards orthogonalize the different 


E 2 
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groups to each other successively by starting from the group of lowest 
energy and taking them in order of increasing energy. As far as we know, 
formulae for such a combination of symmetric and successive ortho- 
normalization have not been given previously, but they are easily derived. 

Let us assume that our basic functions consist of two groups § and y 
having the overlap properties 


(B' B=1 (Bh St eres 
(n', B)=S', (nt n=l, J 
where, for the sake of brevity, we have introduced the notation (&', y) 
for the overlap matrix formed by the elements S,,=f&*,7, dx,, which 
may be quadratic or rectangular. In order to carry out a successive 
orthonormalization of the two groups, we will leave the first group § 
unchanged, whereas we will replace the second group by 


GL EA+ YB.” |S oss) eae 


The orthogonality condition (§',@~)=0 leads to the relation A=—SB, 
and we then have p=(n—§S)B. The orthonormality condition (¢', ~)= I 
further gives the equation 

Bil -—StS)B=I>>. . ) oa eee oe 


which has a particular solution of the form B=(I—S‘S)-1. Our final 
result is therefore 
EF, ~ p=(n—ES)(1—S!S)-2*, eee 

If our basic set consists of several groups of functions, which are ortho- 
normalized within each group, we can now make a successive ortho- 
normalization of all the groups. We start by applying (3.56) to our first 
two groups; the orthonormalized result is then considered as our new 
first group to which the third group is added by using (3.56), ete. In this 
way we get a generalization of Schmidt’s procedure (3.22) and (3.23) 
from functions to growps of functions, and we note that (3.23) in matrix 
form may be condensed to the simple form (3.56). 

We must now investigate the influence of a possible linear dependence 
and the conditions under which the series (I —S'S)~/? may be evaluated 
as a power series in S'S. Let V be the unitary matrix which transforms 
S'S to diagonal form 

V'S'SV=diagonal matrix. SANs Kode Nie! CORA 
Considering the auxiliary group of functions y=(n—§S)V. we obtain 
(x', x)=1—Vistsv. Lede Pea ie Beta ee 


We are particularly interested here in the normalization integrals, which 
are always positive, unless any y,=0. We can conclude therefore 
that the eigenvalues of S'S, never negative, must always be less than 1 
and that the power series expansion of (1 —S'S)~-1/2 is convergent, unless 
there is a linear connection between the two given groups, which may be 


itten in the f 
written in the form ((n—ES)V}, = 0. Raheny yi 
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The results must then be refined in the same way as (3.51) was obtained 
from (3.41). Instead of the solution (3.57), we will consider the solution 
C=V or 

SC=(n—&S)V(I— vistsv)-12 eee tarts | (Sc G.Li) 


and we observe that this solution exists even in the linearly dependent 
case for all eigenvalues of S'S which are different from 1. If the group & 
is complete, one has y—§S=0 and no additional group exists at all. 


3.2.4. Orthonormalization of Symmetry Functions 


3.2.4.1. Cyclic Matrices.—Let us again consider a system of cyclic 
symmetry of order G, where the basic symmetry operation @ fulfills (3.11). 
If @, is an arbitrary function without any particular symmetry properties 
and ©, is defined by ©,—@~’®,, there is usually a non-orthogonality 
problem connected with the set ®,, ®,, ...@®g_, having the overlap 
matrix 


ae [o*,0, ie i B* 0", (de). ery 


This problem may be treated in several ways by means of the cyclic 
symmetry, and we will first show the use of the general theory. A matrix A 
which like the overlap matrix satisfies the relations 


AT y=Ao, v—[? Ane y=A,, r+@=A,, : orames (3.63) 


is called a cyclic matrix of order G. By using (3.63), it is easily shown that 
two cyclic matrices A and B of the same order always commute : 


ee eee ee pe ear a (BA). 
o a 8 


LU Sami gee VO i 5 Pt pO. 


(AB), v 
In addition to A, its adjoint matrix At is also cyclic, and because of the 
commutability between them, the matrix A must have a complex-Hermitian 
character in the sense of § 3.1.1. The matrix A is brought to diagonal form 
by the unitary matrix 

U p= G-\? exp (27ipk/G@) et 6 ete Sk MeN ORL 
of order G, and the real or complex diagonal elements of a=U'AU are 
then given by the expression 

G-1 


a= X Ay ,exp (27k/G). Yeon (obo) 
p=0 


By using (3.65), it is now possible to write down the eigenvalues of the 


overlap matrix A in the form 
G—1 


d,=1+s,=1+.2 So, , exp (27ik/G), . . (3.66) 
u=0 


and they may then be used for discussing the convergence properties of 
the S-series (3.30). The circumstances are particularly simple if all the 
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overlap integrals S, , are positive, since the largest eigenvalue sy is then 
represented by the sum ae . 
Sp= 2 No, a a aye 
u=0 
and, according to (3.45), the series (3.30) is then convergent if ss<+1 
and divergent if s)>1, provided that d,,,>0. If the overlap integrals 
have different signs, the quantity (3.67) is still an eigenvalue corresponding 
to k=0, and the relation 
E8iq>1 na ee iden 
a 
is therefore always a sufficient condition for the divergence of (3.30) in 
the cyclic case. This relation is to be compared with (3.29) as a sufficient 
condition for convergence, but we note that, unless all overlap integrals 
are positive, there exists an intermediate region, which may be investigated 
only by using (3.45) and (3.67). 
According to (3.39) and (3.64), the matrix A~1/? may now be evaluated 
by the formula ° 


G=1 G-1 —1/2 
VN gh I it eee [Pail —v H/C me Mo, « &XP [2niaki@]} , - (3.69) 
= c= 
but, if the overlap is sufficiently small, the series (3.30) or the convergent 
expansion (3.48) may also be used. After constructing the orthonormalized 
basic set p=®A~ 1/2, we observe that the functions ¢, show the same 
symmetry connection as the given functions : 


$,=O-"d, : ealvadic ce Mee 
which is easily seen by using the cyclic property (3.63) of the overlap 
matrix and A~/?. It has recently been pointed out (Slater and Koster 
1954) that, if the given set ® undergoes a unitary transformation R, the 
orthonormalized set ~ undergoes the same unitary transformation. The 
proof is simple: From ®=@R follows A —(®', ®)—R'AR. If U is the 
unitary matrix which brings A to diagonal form d, R'U is the unitary 
matrix which transforms A to diagonal form dd. According to (3.39), 
this gives 
A~V/2—(RtU)d-1/2(UtR)—R1(Ud-!2UT)R=RIA-12R, (3.71) 
showing in detail that A~1/? transforms as A, and hence we obtain 
~=@ A~¥2—@RRIA—12R—=@A-12R=@R, . . (3.72) 
which proves the theorem. 

Let us now consider the problem of constructing the symmetry functions 
treated in §3.1.2. These functions ,, which satisfy the eigenvalue 
‘relation (3.15) may be obtained by applying a projection operator O, 
given by (3.13) to an arbitrary function y,. According to (3.14) and (3.64), 
the result may be written in the form 


OpxXo=GVAXU),,  . ee (Ba) 
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Bs % is the vector formed .by the functions y,, y,, ... Xq_-1 With 
= ON. 
The symmetry functions formed by the projection of @1¢4, 
particularly simple, 


G-1 
b= Gr? y $, exp (2riuk/G), Pai awe) 


since, according to (3.19), they are not only orthogonal but even auto- 
matically normalized. The symmetry functions obtained by the projection 
of G1/2G, are also orthogonal but Heh to be normalized : 


ie Ge ga te om @, exp (27ivk/G), 64 utes (Olas) 


u=0 
and we note that the normalization constant d,,, which may be derived 
from (3.19) is identical with the overlap eigenvalue (3.66). The two 
functions (3.74) and (3.75) are in fact the same (Lowdin 1950), and we 
will now show that this is a special case of a more general theorem. 

Let A be an arbitrary cyclic matrix satisfying (3.63), and let the functions 
x, be defined by the matrix relation y=®@A. By using (3.63), it can easily 
be shown that even the functions y, are connected by the symmetry 
relation y,=9~’y,). In taking the projection of y, and using (3.73) and 
(3.65) we obtain 

Oy =G4 1°xU=G4 12bAU=G 126U . VUIAU=G-1/ha, (3.76) 
showing that, except for the normalization factor, the functions ®) and yg 
have identical projections. The normalized symmetry functions 4, are 
therefore left invariant as long as the ®-functions are changed only by 
a transformation A having cyclic properties. The identity between (3.74) 
and (3.75) follows therefore as a special case. 

Hence we have seen that the construction of symmetry functions is a 
procedure having rather particular properties : orthogonality between the 
symmetry functions is ensured by the general relation (3.19) and the 
orthonormality of the starting set is of importance only for the normaliza- 
tion. Weshall later see, however, that the special form (3.74) is particularly 
convenient for the applications to solid-state theory. 

3.2.4.2. Wannier Functions —In crystal theory, the importance of the 
overlap integrals between atomic orbitals connected by the symmetry 
relation &,—@-’®, was early recognized by Slater (1930), who also pointed. 
out that the overlap problem could probably be avoided by going over to 
symmetry functions, if these were properly normalized. An explicit 
solution of the non-orthogonality problem along this line was later given 
by Wannier (1937), who showed that, if the symmetry functions p form 
an orthonormal set and U is the unitary matrix (3.64), the functions 


W=wU! Nera een Se ree Onna) 
also form an orthonormal set, which definitely has ‘ localized ’properties. 


The functions W,, which are now usually called Wannier functions are 
consequently derived from given symmetry functions. However, if the 
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latter are formed by projection and subsequent normalization from, 
e.g., the set G1/2@A, where A is an arbitrary cyclic matrix, we have 


W=9=®A-??, OOD A ad 


ie. the Wannier functions are in this case identical with the ortho- 
normalized functions ¢, formed from ® or BA. 

We note that the Wannier functions exist even if the symmetry functions 
w are not derived by a projection operator formalism, but are given 
independently by some other method. The functions W,, represent, 
therefore, a set of orthonormalized ‘ localized ’ functions, which is con- 
structed without the use of overlapping atomic orbitals and some more 
or less complicated orthonormalization procedure. The Wannier functions 
have been used frequently in solid-state theory (Slater 1937, 1952 and 
several other papers) and methods for their direct determination for 
crystals are now being developed (Koster 1953, Winston 1954). 

3.2.4.3. Complete and Overcomplete Systems.—In the quantum theory of 
molecules and solids, a standard method for solving the eigenvalue problems 
occurring, is to expand the eigenfunctions in terms of some basic set and 
to apply the variation principle. In this connection, linearly dependent 
sets are very inconvenient to use, since they lead to secular equations 
which are identically zero and therefore without meaning. Even if the 
set is only approximately linearly dependent, i.e., has a small value of the 
quantity d,,, defined by (3.32), this causes considerable complications 
in the numerical computations, since the corresponding secular equation 
will then show a numerical tendency to become practically zero (Parmenter 
1952). From the very beginning, it is therefore important to use sets 
which are linearly independent, and this may be ensured by choosing 
them orthonormal. 

The question of linear dependence is of particular importance in a 
theory of crystals which is based on the use of atomic orbitals. A set of 
atomic wave functions, which is chosen discrete-continuous in the form 
of hydrogen-like orbitals or only discrete in the form of hydrogen-like 
orbitals with the principal quantum number » omitted in the standard 
variable 2Zr/n (Shull and Lowdin 1955), is known to be complete, and, if 
such an atomic system is introduced on several nuclei, the resulting basic 
set must then be highly overcomplete. Such a basic set shows, therefore, 
a large amount of linear dependence, and, unless this property is eliminated, 
the set is inconvenient for practical work. This difficulty is characteristic 
for the whole LCAO-approach, but it is evidently more pronounced for 
solids than for molecules, if a complete atomic set is introduced on each 
nucleus of the system. It seems as if some of the difficulties in the 
application of the LCAO-method to solids may be caused by just this 
problem. 

In this section, we have described several ways of refining a given basic 
set from linear dependence and to present the proper number of ortho- 
normal functions which may be constructed from it ; see (3.51) and (3.61). 
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If the orthonormalized functions ¢, are arranged in order of decreasing 
quantities d,, there are no difficulties connected with the occurrence of 
approximate or exact linear dependence : in the former case, there exists 
a function ¢, with extremely large coefficients of magnitude d,~-1/? and 
correspondingly high order, which will just lose its meaning and disappear 
out of the system in the limit d,—0. 

Because of the overcompleteness, it is immediately clear that the 
combined system of atomic functions associated with two or more nuclei 
cannot be symmetrically orthonormalized according to the method in 
§ 3.2.2: the system is certainly linearly dependent, the determinant of 
the overlap matrix A is zero and the matrix A~!/? cannot exist. In this 
case, it is therefore a priori necessary to use some other procedure, and 
the combination of symmetric and successive orthonormalization described 
m §§ 3.2.2 and 3.2.3 seems to be one of the most natural solutions—both 
from the mathematical and physical points of view. The formulae (3.51) 
and (3.61) are sufficient here to remove any form of linear dependence in 
the given atomic set. 

It should be observed that, in constructing an orthonormal set from 
atomic orbitals associated with two or more nuclei, the original ‘ atomic ’ 
character will get gradually lost when the overlap is increasing. The 
orthonormalized orbitals have still a certain ‘ localization’, but, for 
increasing overlap, the atomic character is preserved only in the neighbour- 
hood of the central nucleus at the same time as the orbitals become extended 
over more and more atoms of the system; the higher orthonormalized 
orbitals are therefore definitely many-centre orbitals. In treating ion-core 
orbitals, the overlap integrals are usually so small that the overlapping 
may be considered as a ‘ perturbation’ of the atomic picture, but, in 
treating valence orbitals, the overlap integrals are usually so large that the 
series (3.30) is no longer rapidly convergent, and the orthonormalization 
implies then a comparatively large change in the nature of the original 
orbitals. 

In case the system shows cyclic symmetry, the successive symmetric 
orthogonalization of the given atomic orbitals ® may be carried out in 
two alternative ways. One could start by orthonormalizing the given 
set ® according to the general theory just described, and the corresponding 
orthogonal and automatically normalized symmetry functions may then 
be obtained by the projection operator formalism; see, e.g. (3.74). 
However, one could also start by constructing the symmetry orbitals ~, 
directly from the given AO’s ®, and the linear dependence of the basic 
set is then reflected by the fact that all symmetry functions associated 
with the same symmetry eigenvalue @, are neither orthogonal nor 
normalized. For each k, an orthonormal set of symmetry functions may 
then be constructed by means of, e.g., Schmidt’s procedure, described in 
§ 3.2.1, and we note that, if the functions are taken in the same order as 
the groups in the general procedure, the resulting orthonormal sets will 
be identical. The case of perfect symmetry functions may therefore be 
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treated without the aid of $§ 3.2.2 and 3.2.3, but we observe that the 
general theory gives us symmetry functions (3.74), where the index é 
oceurs only in the exponent. The real advantage of the general theory, 
however, will become clear first in the limit Goo. - 


$4, CrysTAL SYMMETRY AND THE BLOCH CONDITION 
4.1. Translational Symmetry and its Consequences 


A perfect and infinite crystal has a translational symmetry, which may 
be characterized by three space vectors a;, a9, a, defining the primitive 
translation. The unit cell formed by these vectors may contain one or 
several nuclei. We will first introduce the lattice of reference points 


M448, +fpAetigag, - - +, + + - (41) 


where (111, /9; 43) is a triplet of integers, and, at the same time, we will 
consider the reciprocal lattice (see, e.g., Ewald 1936) characterized by the 
three vectors b,, b,, b,, defined by 


a,b, =9;.., «lake RE ee en 
or by the explicit relations 


b, =a, xXa,/V 5, b,=a,agl a; b,=a,;aell 5. . (4.3) 


where V,)—a, . (a, ag) is the volume of the unit cell in ordinary space. 
The vectors 


K=7,b,-2¢,b5-3,be)” 27 eee ee 


where (71, 72, ¢3) is a triplet of integers, will be called the reference vectors 
of the reciprocal lattice. We note that there are definite relations between 
the geometrical structures of the ordinary and reciprocal lattices, and 
these are described in several standard textbooks (Mott and Jones 1936, 
Seitz 1940). 

Introducing the Born—v. Karman boundary condition mentioned in 
§ 2.1.1.1 in an explicit way, we will assume that all the crystal wave 
functions y(r) are periodic within a microcrystal or ground domain (@), 
defined by 


+(r-+-Ga,)=i(r), epee, 2.8 8 a ee ee ae 
where @ is a very large integer. In order to describe the symmetry 
properties of the electrons in the crystal, we will further introduce a 
discrete set of k-vectors 

k=G"1(«b,+K gb + K3bs), ah hanes ae 


where (1, Ky, Kg) is a triplet of integers. In summations over the lattice 
points, we will let an index (oo) denote a summation over all lattice points, 
whereas an index (G) denotes a summation only over the ground points, 
lattice points of each type satisfying the relations 


i.e. the G 
—G/2<p,<+G/2,  —G/2<x,<+G/2. «tit LES 
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Each unit cell in the reciprocal lattice has the volume 
iG Vo, p= b, . (b,x bs)= Viegas te 


and contains G3 k-points, and, since the distribution of k-points is uniform. 
the density of k-points is V, ,/G3=1/(@8 Voa)=1/V, where V is the 
volume of the microcrystal. If G is a very large integer, the discrete k-set 
becomes quasi-continuous, and, since a volume (dk) in k-space contains 
V(dk) discrete k-points, we obtain the formula 


V13f(k)= | fk (db), aren dS 


where the summation and integration have to be carried out over the 
same domains in the k-space. 

The importance of the k-space becomes clear in considering the transla- 
tional symmetry. We observe that the three translational operators 
£,,T., T;, defined by 


Ty b(r)=%(r--a,), v=l, 2, 3 ge Reon. es (4.9) 


are unitary and complex-Hermitian operators, and that they all commute. 
According to (4.5), we have further 


(T4—1)s = 0, ee eee (4,10) 


and the Born-y. Karman boundary condition introduces therefore a 
cyclic symmetry of order G ; see (3.11). According to (3.12), the eigen- 
values of 7’, are then given by 


O(k,)=exp (27ik,/G) OL emis ot Rane Coe a 


where «x, is an integer such as —G/2<x,<+G/2. If (kz, kg, Kg) is a 
simultaneous eigenfunction of all three operators 7',, 7',, 73, we obtain 


TT MPT MBdb(iey, Kg,K3 3 1 )=eXp [2art (ey Koll + k3hg)/G]b(K1, Kg, Kg 5 4) 
=exp [2rtk . mpb(x,,-*2,.K35 1), ...- (4.12) 


where the exponent in the eigenvalue is transformed by using (4.1), (4.2) 
and (4.6). Instead of using the triplet of integers (K,, ky, «3), we can 
therefore characterize the eigenfunction by the vector k defined by (4.6) 
and denote it by s(k, r). As a special case of (4.12), we obtain 


T »b(k, r)=exp (27ik . a,)¢b(k, r), meat 3) 


showing the simple eigenvalue property of the symmetry functions with 
respect to the fundamental translations ; this is the famous Bloch condition 
(Bloch 1928). 

By using the projection operator (3.13), we can now easily construct 
the corresponding symmetry functions. Let us assume that ®(r) is an 
arbitrary function fulfilling the Born—v. Karman boundary condition 
(T°—1)@ = 0 but otherwise without any particular symmetry properties 


and that 
O(m, r)=7, "TT; O(r)= O(r—m). . . (4,14) 
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According to (3.14), the function 
(@) 
b(k, r)=G-% SY P(r—m) exp [277k . m] . . (4.15) 
MyMalts 
is then a symmetry function fulfilling (4.13). These Bloch functions were 
first derived by Bloch (1928) by solving a secular equation, but later it 
became clear that (4.13) and (4.15) could be deduced more generally 
from group theory. Here we have shown that the ‘ projection operator ° 
formalism provides a perhaps still simpler tool for obtaining the basic 
properties of the symmetry functions. 
Eigenfunctions (k, r) and i(k’, r) belonging to different symmetry 
eigenvalues are automatically orthogonal, and, according to (3.19), we 
have 


(G) r 
W(K, r)b(k’, #) do=G%8(k, k’) Sexp [2rik.m]|  D*(r)@(r—m) de, 
Y (4) m (G) 
(4.16) 


which for k=k’ gives the normalization integral. If 2,, is an arbitrary 
operator having the translational symmetry of the reference lattice 
(7, Q=T,), we have further, according to (3.18), the more general 
formula 


fs (@) 
| b*(k,r) Qyb(k’, r) dv=G-43(k, k’) Y exp [27k .m] 
/ (@) m 


x | O*(r)2,,P(r—m) dv, . . . «. {4:17} 
/ (G@) 


showing that symmetry functions belonging to different symmetry 
eigenvalues do not combine. Equations (4.13), (4.15) and (4.17) together 
form the basis for the whole theory of electrons in crystals. 

It is clear that the projection operator formalism provides a very 
elementary tool for treating the symmetry properties and that a much 
more thorough understanding of these properties may be obtained by using 
group theory to a full extent (Seitz 1936 a, Bouckaert, Schmoluchowski 
Wigner 1936, Herring 1937, Melvin 1956). In addition to the translational: 
symmetry, there are also other symmetry properties of the different 
crystallographic groups which may be used for dividing the symmetry 
_ functions into non-combining classes (Bethe 1929, Bouckaert ef al. 1936, 
Seitz 1935 b, 1936 b, Herring 1942 and others). In this connection, it 
should be observed that two symmetry operators @, and @, can have 
simultaneous eigenfunctions, only if they strictly commute so that 
0,0,—0,0,, but, in such a case, their simultaneous symmetry functions 
are also easily constructed by means of, e.g., the projection operator 
formalism. A degeneracy caused by spatial symmetry may often 
be classified by a proper set of commuting symmetry operators 
@,, O,, O,,... or by aspecial choice of their Hermitian components (3,2), 
but one has to be careful not to mix non-commuting operators with each 
other, as has recently been stressed by Slater and Koster (1954). The 
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Bloch functions (4.15) may therefore be classified further by some 


additional symmetry operator @, only if the latter commutes with all 
three translational operators ies 


4.2. Plane Waves as a Complete Symmetry Set 
The effective Hamiltonian (2.62) of a crystal has the translational 
symmetry of the reference lattice, and the Hartree-Fock functions must 
therefore fulfill the Bloch condition (4.13). In order to derive the Hartree— 
Fock functions for instance by the method described in § 2.2.3.2., we need 
therefore complete sets which are reduced so as to fulfill the same sym- 
metry condition, and some sets of this type will be discussed in § § 4.2., 4.3. 


4.2.1. Hquivalent Plane Waves 
The simplest complete set, fulfilling the Born—v. Karman boundary 
condition (4.5), consists of the free electron waves : 
Akane “exp (270 kr), ecw 3. 4 (4,18) 
where V=V,G? is the total volume of the microcrystal and the wave 
number k is given by (4.6) but with no restrictions on the magnitude ofthe 


integers k,, Ky, K3;. These functions are eigenfunctions of the translational 
operators, and according to (4.9), we obtain 


Lake Olax (ont Ke ayin{k, nr). 4 oa 1(4.19) 
The integers xk, , Ky, k; may be written in the form 
k,= Gt, Ko, ” . . ° 5 ° . ° (4.20) 


where 7,, 7, 73 are other integers and k9,, Kyo, Ko3 belong to the ground 
domain defined by (4.7), and this gives 


k=K-+k, , heh rebel ste 254 '914 
where K is a reference vector in the reciprocal lattice defined by (4.4), and 


the ‘ reduced wave vector ’ k, belongs to the ground domain (G) given by 
the last relation (4.7). Since 

exp [27t ke a,|=exp {201 k)..a,|7  . .° . vs. (4:22) 
it is clear that plane waves (4.18) having the same reduced wave vector 
k, also have the same symmetry eigenvalue and may combine ; the corres- 
ponding wave vectors k are said to be equivalent and to form an equivalent 
set. On the other hand, plane waves having different reduced wave 
vectors have also different symmetry eigenvalues, and, according to 
(4.17), this means that they cannot combine. Since there are G® different 
values of k, within the ground domain (@), there are apparently G® different 
sets of equivalent points in k-space, 


. 4.2.2. Brillouin Zones 
We will now investigate the most convenient arrangement of all equiva- 
lent points k, which belong to the same reduced wave vector ky. According 


to (4.21), we have mE KIPE iyeet e e  1) 
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where the K-vector is characterized by a triplet of integers (¢,, 7%), %3) 
ranging between — oo and + oo, giving a three-dimensional lattice. For 
many purposes, however, it may be more feasible to have the equivalent 
plane waves 7 (k, r) arranged in a linear order, and, since the set (71, %2, %3) 
is enumerable, there are certainly an infinite number of ways to carry 
through such a rearrangement. . 

Physically, the most natural way of rearranging the set 7 (k, r) is to 
order it according to increasing kinetic energy h?k?/2m, i.e., by the quantity 
|k|?. Each k-value has its unique place in this series, and the only 
cases of ambiguity occur when two equivalent values, k and k’, have the 
same absolute value : 


k—k’=Kea [Kk P=|ki|e oh ky 
These equations, which may be condensed into the single relation 
KS R?, a ere 


define certain boundary planes in the k-space, which becomes divided into 
sub-spaces called Brillowin zones. If we assign the points on the 
boundaries in a unique way to the zones, each zone has exactly one repre; 
sentative for every set of equivalent points. Each zone has therefore 
exactly G* points, has the volume V5,—V,, 1, and may be ‘ mapped ’ on 
our previously defined ground domain (@). 

These zones may be numbered according to increasing value of | k [?. 
The first Brillouin zone contains all non-equivalent points having the 
smallest value of |k|?; the second Brillouin zone contains all non- 
equivalent points having the second-smallest value of |k|?; ete. The 
vectors K give the reference lattice points in the reciprocal lattice, and, if 
n(K)=K/K is the unit vector in the direction of K, we may write (4.25) 


under the form k.n(K)=$/K |, coscg- ot eee Meee 


i.e., the zone boundaries are planes orthogonal to the vectors K, passing 
through the points }K. Pictures of the first few Brillouin zones for the 
most important crystal types may be found in the standard text-books 
(see, e.g., Mott and Jones 1936, Seitz 1940). We note that the Brillouin 
zones have'been introduced here in an elementary and almost naive way 
and that their boundaries were defined originally (Brillouin 1930) as the 
discontinuity planes for the orbital energies ; we will discuss this property 
further in §4.2.4. The Brillouin zones also have a special physical 
importance in another connection, since the relations (4.24) are identical 
with the Laue conditions used for determining x-ray diffraction in crystals: 

Rearranged Brillouin zones. If the primitive translations are not equal 
or are not orthogonal to each other, the Brillouin zones just described may 
get a rather complicated structure. Instead of arranging the free-electron 
waves 7(k, r) linearly according to increasing value of |k [?, it may then 
be simpler to arrange them according to some other quantity. Let us 
write (4.6) in the form 


k=, b,-bybsp ibys) | ke ee 
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with &,=«,/G, and let us then arrange the equivalent k-vectors according 
to increasing value of | R 2. Two points, k and k’, are now equivalent, if 


RES REE nas ee etane aa es Pk (4,98) 


where n=(n1, 2», %3) are vectors represented by triplets of integers, which 
form a simple cubic lattice. Together with the ambiguity aa 
|k Diss = |k’ /?, this leads to the condition 


He. SPELT 5 ae 


for the boundary planes, which give the ordinary Brillouin zones for the 
simple cubic lattice. By means of (4.27), the boundaries may be trans- 
formed to the k-space, and we observe that they are planes passing through 
the points 3K which are parallel to the planes through the three points 
(b,/m1; 5,/N2: bs/n3); the latter holds even in the limiting case when 
one or two of the quantities n, are equal to zero. 

We note that, in this description, the first Brillouin zone is identical with 
our ground domain (G) previously defined in (4.7). The rearranged zones 
have the same basic properties as before: each zone contains exactly G® 
non-equivalent points and has the volume Vy) ,=V 1 


4.2.3. Hxpansion in Terms of Equivalent Sets 


Every function subject to the Born—v. Karman boundary condition may 
be expanded in terms of the free-electron waves (4.18), which are known to 
form a complete orthonormal system. If ¢% (k, r) is a symmetry function 
fulfilling the Bloch condition (4.13), the expansion is essentially simplified 
since it contains only such waves as have wave vectors belonging to the 
same reduced wave vector k, as the given function. A symmetry function 
can therefore be expanded in terms of the equivalent set associated with 
the symmetry eigenvalue : 


Uk, r=ZA(K)n(Ko HK)... + (4.80) 


This sum is a ériple sum over een in a three-dimensional lattice, but, by 
introducing the Brillouin zones treated in § 4.2.2., we may convert it into 


a single sum : ap ker 2A oy. leg, eye a oe (4.81) 


where the index v now runs over the order numbers of the Brillouin zones. 
In this way, we can represent any one-electron crystal eae exactly 
in terms of plane waves. 


4.2.4. Wannier Functions for Plane Waves 


In connection with the treatment of the complete set of plane waves, it 
is illustrative to consider the Wannier functions W (m, r) defined by ( 3.77). 
Taking the wave vector k within the ground domain (G@), expressing r 


pete sorte r==98;+p%etPsas, not at (4.32) 
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and using (4.18) and (3.64), we obtain 
(G) i 
W(m, r)=G 3? Dn(k, r) exp [— 277k . m] 
k 


12 Sit. 7(e1—#1) Sin 7(p2—H) Sin7(Ps—Had (4.33) 
7™(py—b4) 7 (po—Ps) 7™(p3—Hs) 

The plane waves may then be considered as Bloch functions generated by 

these functions (Wannier 1937). The functions W (m, r), which together 

form a complete orthonormal set, are definitely localized around the lattice 

point m, see fig. 4, and they are further connected by translational] 

symmetry so that 


oe y O,a 


Fig. 4 


= ha Sim 2. 1 Oe.) aes ae 
Appearance of each one of the three fundamental factors in the Wannier 


functions corresponding to the group of plane waves associated with 
the ground domain (@). 


W(m, r)=W(0,r-m). . . . . ... (434) 
More generally. a wave function of the form 
VrM2y(k; r)o(e)s “lem(G)" 0 eer ee 


where the function 6 (r) is translationally invariant and independent of 
k, b (r-+a,)=b (r), has a Wannier function of the form 


3 sin —l, 
Winer Fo Ab eee ee (4.36) 

: y=] 7(Py—Hy) 
Let us finally consider the group of @G* non-equivalent waves which are 
characterized by having wave vectors k having the same reference vector K 
in the reciprocal lattice, i.e., k=K-+-ky with K fixed andk, within (@). Since 
n(k, r)=n(ko, r)exp[27iK.r], . . . . . (4.37) 
this set is of the form (4.35), and, according to (4.36), the corresponding 

Wannier functions are given by 
: ; : 3 sin m(p,— 
Wm, r)=Vo.-¥8 exp (2miK. r) Th mead (4.38) 
v=1 7(P,—pMy) 

i.e., we obtain an orthonormal set of functions oscillating as exp (27iK . r) 
within the boundaries given by the graphs in fig. 4. The Wannier 
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functions corresponding to a group of G? non-equivalent points having the 
same K are therefore obtained particularly easily, and they are probably the 
simplest example of a system of localized orbitals, which are connected by 
translational symmetry, and which form a complete system, when the 
groups for all the different K-values are taken together. 

Of course, one could also construct the Wannier functions corresponding 
to the G® plane waves within a specific Brillouin zone, but the function b (r) 
is now no longer independent of ko, since the vector K makes discontinuous 
changes at the planes within the first Brillouin zone which are equivalent 
with the boundaries of the zone under consideration. The resulting 
Wannier functions will then get a slightly more complicated structure than 
the functions (4.38). 


4.2.5. Cases of Free and Almost Free Electrons 


In §4.2., we have considered the expansion of an exact crystal wave 
function in terms of the complete set formed by the plane waves, and our 
results are therefore independent of any approximate idea of a free-electron 
model. However, this model has been so important for the development of 
the electron theory of metals that we will mention some of its basic 
properties at least briefly. 

4.2.5.1. Free-EHlectron Model.—Let us consider a box of volume J, 
where the nuclear charges are dissolved into a uniform background of 
positive charge density N/V such as the total system containing N electrons 
remains electrically neutral. Let us assume that V, and N_ are the 
number of electrons having plus and minus spin, respectively. Since the 
potential from the background is constant, the one-electron functions will 
be free-electron waves y (k, r) multiplied by the spin functions « (s) and 

8). 

: ue density matrix p,(r,, 2) for the plus-electrons will then be 


(4) (4) : 
p4("y,%a)= 2 7*(k, ry)n(k, r2)=V-1 2X exp [2k . (re—ry)] 
k k 


= | exp [2nik . (r,—F1)] (mee Veen ee 1(4.99) 


where we have used (2.49), (4.18), and (4.8). Let us assume that the 
k-space is filled up in a spherically symmetric way according to increasing 
kinetic energy of the orbitals, until the ‘ Fermi surface ’ is reached. The 
latter has a radius ky, defined by 

4a 


itp. VEN... 2. + (440) 


where V is the density of states in k-space ; see (4.8). Introducing the 


special function, 


moaa &é—€ cos & 


Satire 
=3 [REM ys(O=1— 45 We 3 ree 3 (4:41) 


P.M. SUPPL.—JANUARY 1956 F 
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we obtain after a straightforward integration over polar coordinates in 
k-space : 


N ; 
p(X, X_)= Sa q(2rkpy 142)%(81)%(89), of GB ne SNS 
where ,,= |r,—r,|. An analogous expression holds for p_(x,, 3). 


Let us now construct the effective Hamiltonian. The diagonal element 
p (Xo; Xg) gives a constant electron density, which is entirely neutralized by 
the nuclear ‘ background ’, and hence the classical contributions to the 
Coulomb energy cancel each other. We then have to consider the 
‘ exchange operator ’ in (2.62), which is defined by 


C exch = — e | 
Introducing temporarily the notation «=k/kp,, we get 


k, 
p(X, X1)4(K, Xz) die, 


"Doe Le 
Xe) 2 
"12 


Coxon +( k, x 1) 


T12 
wes 2ark 
=—e? ais * (Kk, X4) ) [ee exp (27ikr,,cos @) dv, 
4k : 
AY ay pe | g(é) sinned dB 1 oe, 3 eee 


The last integral was first evaluated by Dirac (1930), but for an explicit 
derivation one is often referred to another paper (Bardeen 1936). It 
should be observed that the integration is elementary and straightforward 
and leads to the result 


162? 


, Gee 1—a? 1 
5). a(é)sin af dé= $+ tog | (4.45) 
Hence we obtain 
Coxon (kK, X1)=C ,(k) ae X1) » 
‘ * l-a? l+a 
C(k = ep, (24 log | —— iz ins 


In the free-electron model, the plane waves are therefore eigenfunctions of 
the exchange operator too, and the spherical distribution in k-space is 
apparently self-consistent. Hence, the plane waves are also exact 
Hartree-Fock functions having the spin-orbital energies 


I+a 
] 


— 


2n 


h 1—«? 
c(k)= Fly {2 + — log 


eras 


Let us finally consider the total energy in the case, when the plus and 
minus electrons are symmetrically distributed,  i.e., N,=N. =N/2 
Using (4.8), we get for the kinetic energy 


h2 ‘kF) h? __ er h? 4x 
Rona 3S kkas a il) a A ee 
Kin“ oa « 5 J it k? , dark? dk sha keg Ve a ee 
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For the exchange energy of the plus electrons we get according to (4,42) 


2 
as (Less xs) F dic, ditig—= —e? (=): (ok dv, dv, 


"ie Tr. 
2 ro) 
--16(>) V (2mkyy*] @(é) ed, =... (4.49) 
0 


where the last integral may be evaluated by elementary methods and has 
the value 9/4 (Bloch 1929). This gives for the total exchange energy 


Ea AT e key . We . . . . . . (4.50) 
The total energy per unit volume is therefore 
h? 4 
Betasl V= — . = kp dre Uh 4. 1 2¥(4:B1) 


All the results have been expressed here in terms of the radius ky of the 
wave vector at the ‘ Fermi surface’, and we note the conversion formulae 


4 
el AS as fa ae DV ee eke | (AO 
2S F + 


by means of which all results can easily be referred to the densities n,, n_, 
etc., instead. We note that, in some connections, it is also convenient to 
introduce the radius r, of the sphere whose volume is the average space 
available for each electron : 


Tf 
sav IN =1( Fk) Me At eA (4-5 3 


9 \1/3 1] 0-306 
C~p— | -—-—_ > = . . ° . . . 4.54 
ky (son) ie r ( ) 


s 


giving also 


In concluding this section, it should be noted that the simple free- 
electron model for metals developed by Sommerfeld, Fermi, Pauli, and 
others (see, e.g. Sommerfeld and Bethe 1933) has been of basic importance 
for the understanding of the statistical properties of the valence electrons 
and related physical phenomena. It is clear that the model is not 
elaborate enough to permit the treatments of, e.g. interaction between 
valence and ion-core electrons, but, even in the more accurate theories, 
the free-electron model has been of value for estimating exchange and 
correlation effects. 

In the molecular theory of conjugated systems, free-electron network 
models have proved to be comparatively successful (for reference, see, 
e.g., Ruedenberg 1954), and this type of approximation has recently 
been applied also to metals (Coulson 1954). 

4.2.5.2. Case of Almost Free Electrons. Energy Bands.—In the free- 
electron model corresponding to a constant potential, the spin-orbital 
energies (4.47) form a continuous (or quasi-continuous) spectrum. If 
instead the system has a periodically varying potential, the character ot 
the spectrum will be changed, and it will now be broken up into energy 


F2 
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bands separated by forbidden regions (Strutt 1927, 1928). If the variations 
in the potential are comparatively small, the band splitting may con- 
veniently be treated by perturbation theory, starting from plane waves as 
unperturbed eigenfunctions (Brillouin 1930, Morse 1930, Peierls 1930). 
Even the case of an arbitrary periodic potential can be treated by expanding 
the eigenfunction in the complete set of plane waves by using the method 
developed in § 2.2.3.2. 
In order to solve the Hartree-Fock equations (2.61), or the equation 


Hop (1) (Kk, x,)=e(k) d(k,x,) . .. . . - - (455) 
where ;)(k, x,) fulfills the Bloch-condition (4.13) with the reduced wave 


vector k,, we will use the expansion (4.30). This leads to the secular 
equation (2.78) or 


Z{(k | Hog |k’)—d (k, k’)}c(k’)=0, . . . . (4.56) 
= 


where the summation runs over a set of equivalent points. This equation 
may sometimes be solved by perturbation theory by using, e.g. 
Schrédinger—Brillouin’s formula (Brillouin 1932) 

at (k | | k’)(k’ | Z|) 

SELEY oe se UCL EARD 

where we have omitted the index ‘ eff’ on the effective Hamiltonian. 
This formula breaks down, if two diagonal elements (k|H|k) and 
(k’ | H |k’) are equal or almost equal, in which case the waves for the two 
equivalent points, k and k’, have very nearly the same effective energy. 
In this doubly degenerate case we must instead solve the second order 
equation 


ey i 


Uy—e; Uy, 
Us; Us.—e 


a= ();:: sg et ieee 


where (see, e.g., L6wdin 1951 c) 


(k | H | «)(a | H |k’) 
k| U|k’)=(k! Hk ropes pea bss 65 Ve 
(k| U|k’)=(k| H | nS gE eat ed ory Tee) 


**B (k | H |a)(a | H |8)(B | 1 | k’) 


¥ sue lem(al 2 ellessip LECT ei meee (4.59) 
Assuming U,,> Us ., we obtain directly the solution 
e=3(U 1+ Us) t3-V[(Uy1—U 99)? + | Ui. |?) 
Ot | Uy. P+... 
i ee [Uy [?+... + ASAE hie 


giving rise to a splitting of the energy values of magnitude 2 | U4, [?-+ ... 

However this simple result is complicated by the fact that the quantities 
U in (4.59) also depend on the eigenvalues e, and the process is therefore 
necessarily of an iterative nature. Only in the case, when all non-diagonal 
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elements (k | H |) are small, i.e., in the case of almost free electrons, can 
we conclude directly that equivalent points k and k’ with |k P?= | k’ |? 
show a discontinuity in the spin-orbitals energies. 

For almost free electrons, there exists therefore a band splitting at the 
boundaries of the ordinary Brillouin zones defined by (4.24) or (4.25), but, 
for an arbitrary periodic potential, the surfaces of discontinuity may be 
much more complicated. 

The connection between the periodicity and the band splitting has also 
been studied frequently by means of one-dimensional models, where it has 
been possible to carry out the calculations in detail (Kronig and Penney 
1931, Kramers 1935, Saxon and Hutner 1949). 

In this connection, a treatment (Slater 1952) of the three-dimensional 
potential V—cos x+cos y+cosz by means of the Mathieu functions, is 
also of interest. 

The general band theory of crystals has been studied extensively in the 
literature, but we will only refer to some excellent surveys here (Sommerfeld 
and Bethe 1933, Slater 1934, Mott and Jones 1936, Seitz 1940, Coulson 
1954), where more complete references may also be found. 


4.3. Bloch Functions Constructed from Atomic Orbitals 


In this section, we will discuss the construction of another complete set 
of symmetry functions fulfilling the Bloch condition (4.13), namely those 
eigenfunctions of 7',, 7,, 7’; which are linear combinations of atomic 
orbitals (LCAO). Most of the mathematics involved has already been 
treated in § 3, and therefore we will only give a short review here of the 
main results. 


4.3.1. Orthonormalization of Bloch Functions 


Let us consider the unit cell belonging to the reference point 0, and let 
us introduce a set of ‘ atomic orbitals’ @,(r) associated with the nuclei 
of this cell, where the multiple index 7 indicates the specific nucleus to which 
the orbital belongs and the atomic quantum numbers. These ‘ atomic 
orbitals ’ may be hydrogen-like functions, atomic Hartree-Fock functions, 
Gaussian functions, etc., and, without specifying their detailed nature, we 
will only assume here that the set associated with a specific nucleus is ~ 
complete in itself. It is convenient, however, to make the additional 
assumption that all the basic orbitals fulfil the Born—v. Karman boundary 


condition @, (r+Ga,)=@(r) Ms ea ecg. ay (420.8) 


which is most simply satisfied by letting them be sums of contributions 
from all the cells associated with the reference points Gm. Since G is a 
very large number, this assumption is essentially of a formal nature. 
According to (4.15) multiplied by @°”, the Bloch functions fulfilling the 
eigenvalue relation (4.13) are now given by 
(G@) 


blk, r)=G3? FO; (r—m) exp [27ik.m], . . . . (4.62) 
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where k belongs to the ground domain (G) defined by (4.7). Symmetry 
functions belonging to different values of ky are automatically once 
and by using (3.19), we obtain further 


(G 
(ze (kr) J (kw) do 2 5" A, (0, m) 8xp [2rtk:, mi] ene een 


where 


A,, (m, n)= | @* (r—m) @,(r—n)dv. —. . (4.64) 
In order to orthonormalize the symmetry functions belonging to the same 


value of k, we must therefore investigate the overlap integrals of the given 
orbitals, which are conveniently arranged in a matrix of the form 


A iD A eS A 13 “Ey: 
(4.65) 


where A ,,; are submatrices of order G? formed by the elements 4,; (m, n). 
Fortunately, this non-orthogonality problem is essentially simplified by the 
fact that all submatrices A ;; commute. This implies that several operations 
on A may be carried out formally as if the submatrices A ;; were ordinary 
numbers. 

According to (4.64), the matrices 4; (m, n) fulfill the relation 


A,;* (m, n)=A;7 (n,m) ee 
and this means that, for iAj, the matrices A ;; are usually not Hermitian. 
However, since they fulfill the relations 

Ai; (m, n)=4;; (0, n—m), 
Ai; (m+Ga,, n)= 4, (m, n+Ga,)=4;; (m, n), —e (4.67) 


analogous to (3.63), they are cyclic matrices in three dimensions, and as a 
consequence they are then also complex-Hermitian and form a class of 
commuting matrices. The matrices A ;; are all brought to diagonal form 
by the unitary matrix 


U(m, k)=G9 exp [2rim. k].5. cS (468) 
The eigenvalues 
(G@) 
d;; (k)=(UTA,,U),,= 2 4,; (0,m) exp [271m .k], . (4.69) 


which also occur in (4.63), are usually complex numbers for i 4). 

The eigenvalue problem for the total overlap matrix A is harder to solve. 
By applying a unitary transformation with a matrix consisting of the 
diagonally arranged submatrices U, i.e., U ;,=U8S,;, , the submatrices of A 
are changed to d;,—U'A ,,U, which are diagonal, but, in order to bring the 
total matrix to diaponal form, we do not have the help of the translational 
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symmetry any more. However, since the total system ©,(m, r) is over- 
complete, containing a large number of complete subsystems, the total 
matrix A certainly has vanishing eigenvalues, and this implies that the 
matrices A~! and A~1/? cannot exist. A symmetric orthonormalization 
can still be carried out according to the principles developed in § 3.2.2. by 
using (3.51), but the question is whether this mathematically rather 
complicated procedure is also physically desirable. 

Instead, we will follow the suggestion proposed in § 3.2.3. and use a 
combination of symmetric and successive orthonormalization, which is 
not only mathematically simpler but even more physically convenient 
for the desired purpose. Let us arrange the functions ®,(0, r)=@,(r) ina 
specific order according to increasing orbital energy or according to 
decreasing degree of localization around the respective nuclei. First of all, 
we will carry out a symmetric orthonormalization of all functions @, (m, r) 
belonging to a fixed i but distributed over the whole reference lattice m, 
and, according to (3.28), the solution is given by the set 


eR A Oe Se a bie. Le (4,70) 
ae (@) 
or op; (r—m)= 2 @, (r—n) 4,,-1/? (n, m), Tp oe ee CE 


where the matrix A ,;-1/2 may be evaluated by using (3.30), (3.39) or the 
expansion (3.48), which is convergent unless there is some form of exact 
linear dependence between the functions @, (m, r). 

In the second step, we will orthonormalize the series of groups of 


functions py, P,,... by asuccessive procedure described in § 3.2.3. The 
total overlap matrix, associated with the functions y,,~,,..., now has 
the form ae = 

I A 12 A 13 

IRSA Ee ORS Sion coh Ue ee eee abs) 

(Boas, er : 

See elt Sy Paks vee. i 
where Ay=(0F, 0) HA AyAg i? . . 3. (4,73) 


We will start by taking ~,=4,, and according to (3.57), the second group 
¢, is then given by 


@=(G,—91A 12)(I—A 4 roe 
=(®,—®,A 111 Ai2s)A een es Bea ro ee nee ears) 


where we observe that the series expansion for the last factor is convergent, 
unless the set ®, is already complete or there is some other form of linear 
dependence between ®, and ®,. 
We can then go on by repeating the elementary procedure contained in 
(3.57) or by using Schmidt’s formula (3.23) generalized to groups of 
functions and, in this way, we will obtain a set of groups of functions 
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@1,@»,--- Which is orthonormal and complete, and which is consequently 
not affected by the linear dependences characteristic of the over-complete 
system. 


It should be observed that the functions ¢; (m, r) are connected by the 


formula 
é(m, r)=7, 7 YT, $,(0, r)=¢(r—m), . . (4.75) 


analogous to (4.14), which is easily proved by using the cyclic properties of 
the matrices A,,;. By using (4.15) multiplied by G**/?, we may therefore 
construct our Bloch functions in the form 


(@) 
wb (k, r)=G32 2 4,(r—m) exp [27im.k], . . . (4.76) 


which form an orthonormal set of symmetry functions, and which may 
therefore be used for an investigation of the exact crystal orbitals by means 
of the expansion technique. 

In special cases, the technique here described may be modified somewhat. 
One could instead carry out a symmetric orthogonalization of, e.g. all the 
ion-core orbitals at once and start the successive procedure first with the 
valence orbitals, but, if the ion-core orbitals are all completely filled, the 
physical results will be the same as before. 

As pointed out in § 3.2.4.2., there is also an alternative way of construc- 
ting an orthonormalized set of symmetry functions. According to (4.16), 
Bloch functions belonging to different k-values within (@) are automatically 
orthogonal, and the whole procedure may therefore be reduced to an ortho- 
normalization of the Bloch function 7, (k, r) belonging to the same k-value 
and having non-orthogonality integrals given by (4.63). This problem 
may be solved by using the simple Schmidt procedure described in § 3.2.1. 
and, if only the Bloch functions 7; (k, r) for a specific k-value are needed, 
they are probably constructed most easily in this way. However, if the 
whole set is required for a crystal fulfilling a Born—v. Karman boundary 
condition, this elementary procedure must be carried out for G® different 
k-values, which may cause difficulties in the limit as G+>oo. Such a 
complication does not exist in the method previously described, and 
formula (4.76) also has the advantage that the wave vector k occurs 
only in the exponent, which is of value in computing density matrices ; 
see § 5. 

As an example of a Bloch-function constructed from atomic orbitals, 
we have in fig. 5. given the s-part of the function #., (k, r) for k=0, which 
is constructed here orthonormal to the ion-core orbitals (compare Léwdin 
1951 b and Raimes 1954 b). As basic AO’s, we have used the atomic 
Hartree-Fock functions for Na evaluated by Hartree and Hartree (1948). 

The outer part of the function is approximately constant and corres- 
ponds therefore to a plane wave with k=0. This phenomenon, which 
depends on the large overlap between the ‘ tails ’ of the atomic 3s-orbitals, 
will be explained in $ 4.3.2.1. Our function is extremely similar to the 
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function for sodium obtained by Wigner and Seitz in their ‘ cellular 
method ’, but it should be observed that here #3,(kK, r) contains also a 
g-part and small contributions from higher spherical harmonics. 


Fig. 5 
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s-part of tlhe LCAO Bloch function for Na (3s) calculated from the atomic 
Hartree-Fock functions ; see also § 8.2. 


4.3.2. Expansion of LCAO Bloch Functions in Plane Waves 


The plane waves 7(k, r) given by (4.18) and the LCAO Bloch-functions 
2 (ky, r) given by (4.76) form two complete orthonormal sets, and they 
must be connected therefore by a unitary transformation. In order to 
investigate this problem in greater detail, we will now expand the Bloch 
function 75,(kj, r) in terms of an equivalent set of plane waves 7 (k, r) 
belonging to the same reduced wave vector ky : 


(ky, r)=2ae(k)y(k,r), k=kyptK. 2.9...) (4.77) 
K 
According to (4.18) and (4.76), the coefficients x(k) are given by 
a(k)= [ n*(k, r)yj(k, r)de =Voa 1? | pj(r) exp (—27ik .r)dv. —. (4.78) 
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The orthonormalized AO’s ¢, (m, r) may be expressed in terms of the 
ordinary AO’s @,(n, r) by means of the orthonormalization formula 


¢,(r—m)=2@,(r—n)A,,(n,m),  . . . - (4.79) 

and this gives Jn 
a(kjaeVa a Sent cee, n)exp [27in.k], . . (4.80) 
where wW={ @,(r) exp (—2atk.r)dv, . . . . (4.81) 


multiplied by Vy, 1 is the coefficient in the expansion of the unnormalized 
Bloch function (4.62) in plane waves. In order to evaluate the integral 
between the ordinary atomic orbital ®; and the plane wave exp [—277k . r], 
we will use the well-known formula 


exp (—27ik . r)=2(kr)-1/? Y (21+-1)(—t)! J i412 (27kr) P, (cos 3,,) 


1=0 
v0 
= 27 (h or) ae : z saat (—t)' J i41/2(27kr) vn (9... bx) Yin(9,, br)» 
(4.82) 
where (k,9,, ¢,) and (r, 6,, 6,) ave the polar coordinates of the vectors k and 


r in a specific an i xy the angle between them, J,,,;. an ordinary 
Bessel function, and Y,,, a spherical harmonic defined in (2.29). 

Let us now assume that the index 7 in ®; denotes the triplet (VZM) of 
atomic quantum numbers, and that @; is of the form 


Prixti= OT, (Oa 


Substituting (4.82) and (4.83) into (4.81), we obtain 
(NLM |k)=2nk-¥9(—i)!¥ gag (O $2) | focn ("Fo ve (2m br de. 
0 


(4.84) 
where it remains to carry out the radial integration. 
4.3.2.1. Hydrogen-like Functions.—We can easily evaluate the integral 
in (4.84) for hydrogen-like functions by using the formula (see Magnus 
and Oberhettinger 19438, p. 33) 


Sie | : I! (4mrk)t+a/2 
exp (=a )J pb 4/g (2akr rth? dr= Va (pa ey (4.85) 
from which we also obtain by differentiations a respect to 7 
Iark a g(r) exp (—nr)J 44/9(2akr) 11/2 dr 
0 
0 
=47(47k)' 1! g (- i int +anttay oes ay, Tae ha Ol 


where g(r) is an arbitrary polynomial in vr. By using the generating 
functions for the Laguerre polynomials, Podolsy and Pauling (1929) have 
shown that, if g(r) is such a polynomial, the right-hand member may be 


expressed in te rms of Gegenbauer’s functions, but, for our purpose, formula 
(4.86) is sufficient. 
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Let us first consider the Slater exponentials fuz(r)=cyr® exp (—nr) 
where 
CeO A MAL(O NE Mee OM il (408) 
According to (4.84) and (4.86) we obtain directly 
(NLM |k)=4r(—1)"V py (Oy, bp )ey(4rk)ZL | 
Q\N-L eat ie 
Xf(—=—)  (y2+4n2k2)-F1, | | (4.88) 
on 
The qualitative form of all these overlap integrals is the same, and is 
already contained in the simplest case N=1, L=0: 


a (an ble 
(Is [k= eter ath (4289) 


In the expansion (4.78), we have k=k,-+-K, i.e., the k-vectors form an 

equivalent set distributed over all Brillouin zones. The function (4.89) 

decreases as 84/(7)n*/2(1+-2?)~? for x=2:k/n, see fig. 6, and this implies 
Fig. 6 
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The function S(1s| k) occcurring in the expansion in plane waves of an LCAO 
‘Bloch function built up of 1s-orbitals: (a) case of large overlap and 
(b) case of small overlap between the atomic orbitals. 


that, if 7 | a@,| is small and the overlaps correspondingly large, the main 
term in (4.78) comes from the first Brillouin zone, except when k is 
approaching the zone boundary, in which case there will be contributions 


74 Per-Olov Lowdin on a 


from two terms. By a study of (4.89), we are consequently led to the 
conclusion that, if the overlaps are large the convergence in k-space will 
be rapid, whereas, if the overlaps are small, the convergence of (4.77) 
will be correspondingly slow. 

4.3.2.2. Gaussian Funcetions.—Atomic wave functions where the 
unnormalized radial part is given by 


fur(r)=r"+) exp (—nr?),  . . . . . (4.90) 


have been used in the theory of molecules by, among others, Boys and 
Meckler, and in a study of metallic Li by Parmenter (1952). By using 
the formula (see, e.g., Magnus and Oberhettinger, p. 35) 


(27k) +2 


“(ny Fram OP (— kn), . (4.91) 


| exp (—7r)J 14.4/9(2akr)r' +3? dr= 
0 


we can carry out the integration in (4.84) and obtain 


ke 
S(NLM | k)=k-3?(—1)" Vy y4(9;,, $3) € 


Han exp (—72k2/n). . (4.92) 


The result implies that, for small 7 and large overlapping, the contribution 
from the first Brillouin zone in (4.77) will completely dominate except 
when k, is close to the boundary, i.e. the corresponding Bloch functions 
are practically plane waves with wave numbers within the first zone. 

Parmenter (1952) found that the value for 7 giving the best description 
of an isolated Li atom corresponded to a large overlapping for the metal, 
and his Bloch functions were to an excellent approximation plane waves 
belonging to the first Brillouin zone. Parmenter’s system was therefore 
affected by an almost vanishing ‘ measure of linear independence ’, which 
explains the difficulties occurring in the treatment of the secular equation, 
etc. As pointed out by Parmenter, the system may be refined by the 
simple Schmidt procedure. 

4.3.2.3. Transformation of Lattice Sums.—The eigenvalues of the sub- 
matrix 4;, of the total overlap matrix are, according to (4.69), given by 

(G) 
d,(k)= X 4,;(0,m) exp [277 m.k]. Me TAG SY 

In the case of large overlapping, the sum over the ordinary lattice may 
converge slowly, but one can then expect (Ewald 1921, Parmenter 1952) 
that the corresponding sum over the reciprocal lattice should converge 
rapidly. According to (4.62) and (4.78) we have 


= (G) 

p(k, r)=G3?2@ (r—m) exp [27im . k]= Vog 1/722 S(t, k)n(k, rr), . (4.94) 
m K 

and further 


Jerk, r)pb,(k, r) du=d (k)=Vo g 12 B*(i, k) (9, k), . (4.95) 
K 
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which gives the transformation desired. It is given explicitly here for 
the overlap integrals, but the results are easily generalized to the matrix 
elements of any operator 2,, having the translational symmetry of the 
crystal. 

4.4. Orthogonalized Plane Waves 


In § 4.3.2 we have seen that, if the Bloch functions formed from ion-core 
orbitals with small overlap are expanded in terms of plane waves, the 
series converges slowly and contains essential contribution from a large 
number of Brillouin zones. For the ion-core electrons, the periodic crystal 
potential is a small perturbation in comparison with the attraction of the 
nearest nucleus, and one can therefore expect that these ion-core Bloch 
orbitals are comparatively good approximation to the corresponding 
Hartree-Fock functions. 

Let us then consider the valence electrons.. The valence orbitals for 
an isolated atom consist of an inner part, which must be oscillating com- 
paratively rapidly in order to be orthogonal to the ion-core orbitals, and 
an outer part or ‘tail’, which can usually be described by a single Slater 
exponential. If the overlap in the crystal is large, the results in § 4.3.2.1 
give us reason to expect that, in forming the Bloch functions, these tails 
will lead to a set of approximately plane waves belonging to the first 
Brillouin zone. On the other hand, the inner part with its rapid oscillations 
is still most conveniently described in ‘ atomic’ terms, and each Bloch 
function could then be written as a sum of a plane wave and an ‘ inner- 
part’ Bloch function. The same discussion also holds for the excited 
orbitals. Such a ‘ mixed ’ description is sometimes very convenient. 

Herring (1940) has approached the same problem from the opposite 
point of view of starting from the complete set formed by the plane waves. 
Since this set is inconvenient for describing the ion-core Hartree-Fock 
functions because of the slow convergence, Herring proposed that one 
should change the structure of the basic set by introducing the atomic 
Bloch functions for the ion-core at the ‘ bottom ’ of the system and then 
orthogonalize the plane waves with respect to them. The basic set will 
then consist of the ion-core Bloch functions plus ‘ orthogonalized plane 
waves’. 

According to (4.76) the Bloch functions for the ion-core (c) are given by 


(@) 
wb (ko, r)=G-3? 2 6.(r—m) exp [271m . ko], . -. (4.96) 


where p,=®,A ,,-!/? are the orthonormalized ion-core orbitals. By using 
the basic formula (3.57), we may construct the orthonormalized plane 


CEN garg h,=(N—P Soq(I—SySoq 0, - . - + - (4.97) 


ne on 


where the overlap matrix S,, is given by (4.78) and (4.80) and may be 
expressed in the form 


S.,=(", n= Voge. ep. *(r) exp [2a7ir .k] dv, . . (4.98) 
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which may be evaluated by the methods developed in §4.3.2. ‘This 
formula for the rectangular overlap matrix has the disadvantage that 
every element depends explicitly on k, and, even if it is simple to find a 
specified function y¥,(k, r), it may be difficult to handle the whole set of 
them in the limit G'— oo. 

One could try to avoid this difficulty by an alternative approach using 
the general theory of orthonormalized atomic orbitals. In this case, the 
plane waves can be represented by the Wannier functions (4.33) and (4.38), 
and, by using (3.57), these can then be orthogonalized with respect to the 
orthonormalized ion-core orbitals p,. By constructing the Bloch functions 
corresponding to this ‘ localized’ set of ion-core orbitals @, plus * ortho- 
gonalized Wannier functions ’, we obtain the set of symmetry functions 
desired. The main complication here is that the overlap integrals between 
the Wannier functions and the ordinary atomic orbitals seem hard to 
evaluate. The simplest way again involves all k-space by using the 
relation (¢t,, W)=(¢", y)Ut, but it should be possible to find some other 
more direct approach. 

The orthogonalized plane waves have been used successfully by Herring 
and Hill (1940) in a treatment of Be, and by Parmenter (1952) in’ 
investigating Li. 

In treating crystals, it is important that we free ourselves from the idea 
of the conventional perturbation theory that the basic set must be the 
eigenfunctions of a certain ‘ unperturbed’ Hamiltonian. The complete 
system proposed by Herring (1940) actually consists of two classes of 
function of entirely different character, but the system may still be used 
for solving the Hartree-Fock equations by means of the expansion method 
developed in § 2.2.3.2, and we may even use ‘ perturbation expansions ’ 
for solving the secular equations involved (see, e.g. Léwdin 1951 c). 

Herring’s ‘ orthogonalized plane waves ° and the complete set of LCAO 
Bloch-functions are, of course, connected by a unitary transformation. 
By expanding the ‘ tail-parts > of the latter in plane waves, we can see 
that the two systems must be rather closely related, but, except for an 
investigation of Gaussian AO’s (Parmenter 1952), little has been done 
so far to investigate this interesting problem. 

The discussion in this section shows that the symmetry functions, 
which are convenient for treating actual crystal problems, oscillate rapidly 
in the neighbourhood of the nuclei, whereas they behave more or less 
like plane waves in the inter-atomic regions. This ‘ mixed’ character 
of the wave functions may lead to rather slow convergence of associated 
lattice sums in both ordinary and reciprocal space, and it may then be 
feasible to divide each symmetry function into a plane wave, which is 
treated in reciprocal space, and an ‘ inner-part > Bloch function, which 
is described in ordinary space ; cross-products between the plane wave 
and the inner part may then be treated in either space ; compare § 4.3.2.3. 
In this way, it is sometimes possible to improve the convergence 
of the lattice sums involved, but part of the simplicity will be gone. 
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In discussing the energy properties of crystals in §5, we will therefore 
confine ourselves to considering LCAO Bloch-functions without changing 
their form. 


We will discuss these problems further in connection with Slater’s 
‘augmented plane waves’ in § 4.5.4. 


4.5. General Cellular Method 
4.5.1. Fundamental Polyhedron 


In §4.1, we have shown that the symmetry functions 3(k, r) fulfil the 
Bloch condition (4.13), 


T yh(k, r)=exp (27iky.a,o(k,r), . . . . (4.99) 


since they are eigenfunctions of the translational operators 7',, 7',, 7'3. 
This implies that the functions y(k, r), defined by 


x(k, r)=exp (—2rtky .r)f(k,r) . . . . (4.100) 
are translationally invariant, i.e. 
Dako r= y(ko r--a,)=y(k, ress oe . © (4.101) 


In order to define the symmetry function i(k, r) in the whole of space, 
it is thus sufficient to describe the function y(k, r) within the unit cell, 
or in some other equivalent region which may be more convenient 
(Wigner and Seitz 1933). 

Two points, r and r’, in ordinary space are said to be equivalent, if their 
difference is a reference vector m in the ordinary lattice ; see (4.1). By 
varying m in the relation r=r’+m we get a set of equivalent points, and 
we note that the function y(k, r) has the same value at all points of such 
~ aset. The function x(k, r) is therefore completely defined, if it is known 
in a region of ordinary space which contains exactly one representative 
for every equivalent set. In order to arrange the points within an 
equivalent set in a linear way, we may try to order them according to 
increasing values of r?, where 7 is measured from a fixed origin O. There 
will only be ambiguities in this arrangement for equivalent points having 
the same value of 7?, i.e. when 


r=r?, f=r-m See te a (SLOT) 
or r. m= 4m? A Oger Ae de aca noes (4.102) 


and the ‘ surfaces of ambiguity ’ are therefore planes bisecting the lines 
between the origin O and the equivalent points (O--m) perpendicularly. 

The derivation is the same as in § 4.2.2, and eqn. (4.102) is analogous 
to (4.21), but, unlike the case of Brillouin zones, we only need the central 
zone here, which will be called the ‘ cellular polyhedron ’. Its boundaries 
are the planes bisecting perpendicularly the lines between the origin and 
the nearest neighbours among its equivalent points, and it consists of all 
non-equivalent points having the smallest value of re. In some cases 
of very special crystal symmetry, it may be convenient to change the 
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fundamental polyhedron, just as we previously rearranged the Brillouin 
zones. Examples of the cellular polyhedrons for the most important 
crystal types may be found in the standard textbooks (Mott and Jones 
1936, Seitz 1940, etc.). 

Instead of determining the Hartree-Fock functions (k,r) for the 
whole crystal by solving (4.55), it may now be more convenient to evaluate 
the periodic function y(k,r) within a fundamental polyhedron. In 
principle, the simplest solution is probably derived by the methods 
developed in § 2.2.3.2. The function is then expanded in one of our 
previously mentioned complete sets, and multiplied by the factor 
exp [—2zik,.r]; i.e. y(k,r) may be expressed in terms of the plane 


waves V-12 exp [27iK . r] i pas ee ge Oe ot Cee 


where K is a reference vector (4.4) in the reciprocal lattice, or in terms of 
the modified Bloch functions 


(@) 
G32 Y d,(r—m) exp [27iky(m—r)]. . . (4,104) 


Since exp [—2z7ik, .r] is a phase factor, the expansion coefficients will 
be left unchanged. 

It should be noticed, however, that the ‘ cellular idea ’ was not originally 
introduced in order to expand y(k, r) in terms of complete symmetry sets, 
but to make a.nwmerical solution of the Hartree-Fock equations possible. 
Most of the work using the ‘ cellular idea * has been devoted to this latter 
problem, and we will give a short review here of the main contributions. 


4.5.2. Cellular Method of Wigner, Seitz, and Slater 


In‘a treatment of the electronic structure and cohesive properties of 
metallic sodium, Wigner and Seitz (1933) introduced the ‘ cellular method ” 
in order to obtain a solution of the Hartree equations for a solid in a way 
which was analogous to Hartree’s treatment of atoms. Hartree’s self- 
consistent field method is essentially based on the idea that, by using the 
spherical symmetry of the atom, one could separate the Hartree equations 
in polar coordinates and then solve the integro-differential equations for 
the radial part by numerical integration and successive approximation. 
_ For the body-centred structure of sodium, the ‘ cellular polyhedron ’ is 
a truncated octahedron, and Wigner and Seitz assumed that it could be 
approximately replaced by an s-sphere, further that the crystal potential 
within this sphere was spherically symmetrical so that the Hartree 
equations for the solid could be separated in polar coordinates. and that 
the symmetry function could be represented in the simple form 


b(k, r)=exp (27k, . r)x(0, r), are UA 


ie., that the functions y(k, r) are s-functions and independent of k. In 
order to determine +(k, r) for k=0, they solved a Hartree equation where 
the potential from the ion-core was represented semi-empirically by a 
‘ Prokofjew-field ’ adapted to the experimental term values for atomic Na, 
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_ The orbital energy <(0) was determined from the boundary condition that 
(0, r) should have zero derivative on the s-sphere. 

Slater (1934) pointed out that the assumption (4.105) had to be improved 
upon by including also higher spherical harmonics, and that w(k, r) should 
therefore be expanded in the form (2.68) or 

wo UI” 
o(k, r)= 2X 2 RK,,(k, r)Y,,,(8, 4), eons 9(4:106) 

t=0m=0 
where the boundary conditions (4.13) lead to a series of linear relations 
between the components. If only a finite number of terms were included, 
however, it appeared extremely difficult to get the boundary conditions 
fulfilled exactly except at a selected set of symmetry points, and this is 

still a critical problem in the whole approach. 

Methods for determining the excited orbitals «b(k, r) for small k-values 
by perturbation methods from the lowest one with k=0, were also 
' developed (Wigner and Seitz 1934, Bardeen 1938, cf. also Shoemaker 
1949). A test of the method carried out by Shockley (1937) on an ‘ empty 
lattice ’, where the exact solutions are known, showed that, if only a small 
number of selected boundary points are used, the approximation is usually 
satisfactory for occupied zones but that it is often very bad for excited 
states. 

Since the solution obtained is a Hartree function, a correction has to 
be added for the influence of exchange effects (Wigner and Seitz 1933, 1934 ; 
see also Wohlfarth 1953, Reitz 1954) and the results obtained in the 
free-electron case have been used as a guide. Finally a correction for the 
‘ correlation ’ between electrons having antiparallel spins had to be taken 
into account (Wigner 1934, 1938). The application of the cellular method. 
to the investigation of the cohesive properties of solids will be discussed 
in §8.1. 

The weakness of the original form of the cellular method is strongly 
emphasized by Shockley’s ‘ empty lattice test ’. The difficulties arise from 
the problem of getting a finite expansion of the form (4.106) to fulfill the 
boundary conditions contained in the fundamental Bloch relation (4.13). 
We can analyse this problem here from another point of view, starting 
from the functions (4.76), which have the correct symmetry property 
from the very beginning (cf. Korringa 1947) : 


(Kk, Garden) exp [27in .k]. ¢ a, (4,107) 


The function ¢,(r) may be an orthonormalized atomic orbital here, or 
even the Wannier function corresponding to the exact solution desired. 
According to (2.31) and (2.32), each function ¢,(r—n) may now be expanded 
in spherical harmonics Y,,, in a system of polar coordinates having its 
origin at the centre of the fundamental polyhedron under consideration : 


(0.0) 


en ee een 8). a 108) 


7=0 m=0 
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where the expansion coefficients ¢; jm(n,7) may be evaluated by (2.32) 
and the methods developed in § 6.1. 


Substituting (4.108) into (4.107) and using (4.106) we obtain ; 


(@) 
R, ak, 1) =G-*? 2}; im(N, 7) exp [270k - ni], . (4.109) 


i, lm 
where, in carrying out the summation over n, it may be convenient to 
use the expansion (4.82) for the exponential. If ¢,(r) is chosen as a 
Wannier function, the R;, ;,,(k,7) represent the exact radial functions, 
and we can now see why it is so difficult to get the boundary conditions 
fulfilled with a finite number of terms in (4.106). 

The ‘cellular method’ was invented in order to adapt Hartree’s 
numerical method for atoms also to solids, but the question is whether 
the expansion method (see § 2.2.3.2) would not be simpler to use, at least 
when modern electronic computers are available. By using a complete 
set of symmetry functions, the boundary conditions would be automatically 
fulfilled, and by means of (4.109), one could also describe each function 
in detail within a cellular polyhedron. So far, little has been done for 
solids along this line, but it would probably be worth while to try this 
approach. 


4.5.3. Recent Developments of the Cellular Method 


The cellular method in its original formulation by Wigner, Seitz and 
Slater becomes quite laborious if the boundary conditions (4.13) are to be 
satisfied at all accurately for an arbitrary value of ky, since a very large 
-number of terms is then needed in Slater’s expansion (4.106). By using 
some group theoretical results concerning crystal symmetry (Bouckaert 
et al. 1936), von der Lage and Bethe (1944, 1947) observed that, if ky is 
restricted to certain symmetry points, one can reduce the work involved 
in handling the expansion (4.106) considerably by means of some specially 
constructed auxiliary functions called ‘ Kubic Harmonics’ and still get 
a large number of terms included and the ‘ empty lattice test’ satisfied 
to a high degree of accuracy. This method has been successfully applied 
to Na (Howarth and Jones 1952) and to Cu (Howarth 1953). 

Howarth’s calculation on Cu, which was carried out using the electronic 
computer ‘ Mark IT’, is of interest from several points of view. In the 
original cellular method, the ion-core field was constructed from empirical 
term values, but it would of course be desirable to obtain this potential 
theoretically too. Howarth investigated the effect of the ion-core field 
on the 4s conduction band of copper by using both the Hartree and the 
Hartree-Fock fields for the free Cut ion, and he found that the slight 
difference between these two potentials substantially altered the magnitude 
of the energy discontinuities at the centres of the faces of the first 
Brillouin zone. The results of the cellular method therefore seem to be 
highly sensitive to the choice of the ion-core field, and it would thus be 
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desirable to have this potential determined purely theoretically in a 
self-consistent way. 

The method of von der Lage and Bethe gives the orbital energies «(k) 
and the corresponding eigenfunctions %(k, r) only at points ky of special 
Symmetry, and, in order to get the same quantities also at intermediate 
points, it is necessary to have some convenient method of interpolating. 
It has recently been pointed out (Slater and Koster 1954) that the LCAO- 
method in its simple ‘ tight-binding’ form may provide such a feasible 
interpolation device. 

Recently a semi-empirical simplification of the cellular method was 
proposed by Van Vleck and his collaborators (Kuhn and van Vleck 1950, 
Kuhn 1950, 1951, Brooks 1953; for a survey see van Vleck 1953). In 
order to determine the solution for k=0, they observed that, on the s-sphere, 
the potential in the ‘ Hartree ’ equation is practically hydrogen-like, and 
the wave function (0, r) must therefore in this region be a ‘ mixture ’ 
between the two linearly independent solutions, ~, and #,, of the 
hydrogen-like equation : 


p= p+ Kips, eran Grier 4.1.10) 


where #, is regular at the point r=0. The ‘ mixing’ coefficient «, which 
depends on the potential in the interior of the polyhedron, is assumed to 
be determined by the empirical quantum defects 4 in the spectroscopically 
determined energy levels —R/(n—A)?. The relation between « and 4 
was first evaluated by a ‘function-matching method’, in which the 
calculations were later simplified by use of Imai’s improvement of the 
conventional W.K.B.-method, until recently Brooks found the simple 
formula 

k=—tan 7A. ene een (Lil LT) 


The method has also been extended to the excited orbitals, and it gives a 
surprisingly good device for determining the cohesive energies of the 
alkali metals by means of the atomic term values only, if the conventional 
corrections of the cellular method are added. 

A variational form of the cellular method has also been presented (Kohn 
1952), and it contains as special cases the methods of Wigner aid Seitz, 
of Slater and of Kohn and van Vleck. A generalization of this variational 
principle to the case when there are more than one atom in the fundamental 
polyhedron has also been given (Jenkins and Pincherle 1954). 

In conclusion, we observe that perhaps the most critical problem of 
the modern ‘cellular method’ concerns the crystal potential and the 
question’ of self-consistency. It has been shown (Howarth 1953) that the 
detailed nature of the conduction band is extremely sensitive to the 
choice of the ion-core potential, and it seems therefore necessary to evaluate 
the entire Coulomb potential, including the contribution from the valence 
electrons, by a self-consistent field method. However the basic assumption 
of the ‘ spherical symmetry ’ of the crystal potential within a fundamental 
polyhedron must probably be abandoned then. Even if the potential is 


GZ 
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represented by an expansion of the form (2.68), it is possible to eliminate 
the angular dependence, but the mathematics involved is more complicated 
(see, e.g. Bell et al. 1953). 


4.5.4. Augmented Plane Waves 

We have seen in the previous sections that the symmetry functions for 
the valence electrons in a crystal have the peculiar property of oscillating 
rapidly near the nuclei, whereas they are approximately plane waves in 
the inter-atomic regions. Slater (1937 b), who was one of the first to 
observe this phenomenon, proposed that one should construct the 
Hartree-Fock functions as superpositions of ‘ augmented plane waves ’, 
each of which was a plane wave outside the atomic spheres, joining 
continuously on to a solution of the Schrédinger equation within each 
of the spheres. The definition of the augmented plane waves and the 
‘matching’ condition has recently been reformulated (Slater 1953, 
Saffren and Slater 1953), and the simplification obtained has given the 
method a practical value for investigating the band structure of solids. 
With the aid of the electronic computer ‘ Whirlwind ’, it has been applied 
to copper by Howarth (1954), who again found that the solutions corre- 
sponding to the conduction band were extremely sensitive to the choice 
of the ion-core field. The problem of the potential and its self-consistency 
is consequently of the same basic importance here as in the cellular method. 


4.5.5. Concluding Remarks. Applications 


There is, of course, a close connection between all the methods mentioned 
here in § 4 for constructing crystal orbitals. The LCAO Bloch-functions 
and the orthogonalized plane waves are symmetry functions, which always 
fulfil the fundamental Bloch relation (4.13), and their simplicity depends 
on the fact that there are no boundary problems involved—instead there 
are complications associated with the non-orthogonality problem. In the 
case of the cellular method and the method of augmented plane waves, 
the situation is reversed : there is usually no overlap problem, but there are 
difficulties connected with the artificially introduced boundaries in the 
form of cellular polyhedrons or atomic spheres. The question of ‘ self- 
consistency ’ should also be re-examined, and semi-empirical elements 
entirely eliminated in order to obtain a fundamental theory. 

The band theory of crystals has been applied to a large number of 
different solids in order to investigate their electronic structure, and a 
selected number of papers have been included in the references (Mott 1935, 
1936, ‘Tr; Millman 1935, Li; Krutter 1935, Cu; Shockley 1937, FC; 
Chodorov and Manning 1937, BC; Manning and Krutter 1937, Ca; 
Jones and Mott 1937, Tr; Tibbs 1938, Cu and Ag; Manning 1943, Fe ; 
Green and Manning 1943, Fe ; Mullaney 1944, Si; Coster and de Lang 
1947, W; Wallace 1947, graphite; Coulson 1947, graphite ; Holmes 
1952, Si; Howarth and Jones 1952, Na; Parmenter 1952, Li; Silvermann 
1952, Li; Ganzhorn 1952, Tr-BC ; 1953, Tr; Hall 1953, BC; Bell et al. 
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1953, PbS ; Howarth 1953, Cu; Zehler 1953, diamond ; Schiff 1954, Li ; 
Kohn and Rostoker 1954, Li; Jones 1954; Howarth 1954, Cu ; Johnston 
1955, graphite). Here we have used the abbreviations Tr—transition 
metals, BC=body-centred cubic lattice, FC—face-centred cubic lattice. 
We note that the list is far from complete. 

The band theory of crystals is of basic importance for understanding 
the thermal, optical, electrical and magnetic properties of solids, and 
for its application to these fields we will only refer to the standard textbooks. 
(Mott and Jones 1936, Seitz 1940, Slater 1951, Kittel 1953) and to some 
recent review articles (Raynor 1952, Coulson 1954 a). The problem of 
the cohesive and elastic properties will be discussed in the following. 


§ 5. TREATMENT OF THE CRYSTAL ENERGY IN THE LCAO-Metuop 


5.1. Energy Expression 
5.1.1. The Total Energy 


The total energy of a solid-state or molecular system is given by (2.14), 
and, in the Hartree-Fock approximation, it takes the simplified form 
(2.64). In this case the higher-order density matrices are expressed as 
determinants of the first-order density matrix, which itself is identical 
with the fundamental invariant p(x,,x,) defined by (2.49). The main 
problem is therefore to determine this basic quantity, which satisfies the 
Hartree-Fock equations in the condensed form (2.58). 

In the actual calculations, it is convenient to determine also the individual 
Hartree-Fock functions ~y,(x), since, according to §§ 2.3.1 and 2.3.2, 
they have a definite physical meaning in discussing the ionized and excited 
states. ‘The effective Hamiltonian (2.62) for a crystal has the symmetry 
of the reference lattice, i.e. H,, commutes with the translational operators 
T,,T., 73, and this implies that the Hartree-Fock functions may be 
chosen as eigenfunctions of these operators too. They are then symmetry 
functions, conveniently denoted by the symbol pay; (ky, x), and they 
fulfill the fundamental Bloch relation (4.13) or 


T bop, (Ky , x)=exp (270k, . a, )bur, i (Ke , X). tel) 


The index i denotes the ‘zone number ’, and we will further let (/’;) be 
the class of k)-points within the ‘ zone ’ 7 which are occupied by electrons 
in the state under consideration. According to (2.49), we then obtain 
a) ® 
p(X, Xg)=2' Lb" ap, 5 (Ko, Xi), i (Ko, Xe). » + (5.2) 
ik, 


In order to solve the Hartree-Fock eqns. (2.61) for the crystal spin- 
orbitals, we will use the method described in § 2.2.3.2 and expand them 
in terms of a complete symmetry set of the type discussed in §4. We 
observe that the expansion of gy; (ky, x) will contain only functions 
belonging to the same reduced wave vector ky as the given function ; 
this theorem is directly checked by an application of the projection 
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operator O(k,). As complete symmetry sets we may use plane waves, 
orthogonalized plane waves, or LCAO Bloch-functions of the form (4.76) 


; (G) 
or p(ky, r)=G3? Y h(r—m) exp [271m . k], Pek, oe otes 


multiplied by the spin functions «(s) or B(s). The functions ¢; are here 
orthonormalized atomic orbitals, which are obtained from the given AO’s 
®, by the relation p=@®A or 
(@) 
o(m, r)=2 2 @,(n, r)A;,(n, m). ee 
jn 
The matrix A is obtained by the symmetric and successive orthonormaliza- 
tion procedure described in § 4.3.1, and we note that each submatrix A;; 
has cyclic character. We may therefore express the basic LCAO Bloch- 
functions in terms of the given AO’s ® by means of the matrix formula 


p=pU=8AU, . . . . . . . (5.5) 


where U is the unitary matrix (4.68). 
The Hartree-Fock functions may therefore be expanded in the form 


bur, i (Ko x \= 2b; (Ko ? X)C;;5 os = * (5.6) 
J 


where the index 7 runs over the atomic quantum numbers (including the 
spin quantum number) of the AO’s associated with a unit cell; we note 
that the index ) replaces the order number of the Brillouin zones in an 
expansion in terms of plane waves. The coefficients c;; form a rectangular 
matrix c, which is definitely discrete and not quasi-continuous. It may 
be determined by solving the secular eqn. (2.79) and the associated system 
of linear eqns. (2.78). 

By combining (5.5) and (5.6), we can now express the Hartree—Fock 
functions yy directly in terms of the given AO’s ® by the matrix relation 


Yur=PC, C=AUc. Ne ae eae 


It should be observed that, in forming the density matrix p(x,,x,), we 
do not need the rectangular matrix C explicitly but only the product 
matrix R= CCt or 
(Fy) 
Rn, m)=2 a G,,1n, ky C7 ka, m). rte ee 
a Ko 


Substituting (5.7) into (5.2) and using (5.8), we obtain 


P(X; Xo)=LX 2’ O*¥ (m, x,)O,(n, x,)R;,(n, m), co tee ae 

ij mn 
which gives the density matrix e expanded in terms of the given AO’s. 
The matrix R;,(n,m) may therefore be interpreted as the ‘ charge and 
bond order matrix’ with respect to these orbitals (ef. Lowdin 1955 b). 
The orthonormality of the Hartree-Fock functions leads to the relation 
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(bap Yap) = CIA C=1, and, then by using the definition R=CCT?, 
can easily show that 
R'AR=I, Tr(AR)=N. See ire at (OTL O) 
Hence the matrix R is a ‘ projection operator’ ina non-orthogonal Hilbert 
space having a geometry characterized by the overlap matrix A =(®1, ®). 
For the sake of brevity, let us for a moment condense our indices (¢, m) 
into a single symbol ». Relation (5.9) may now be written in the form 


P(X, Xy)= 2'O* (x,)D,(x,)R,, . + geen OmL 1) 
py 


Substituting this expansion into the Hartree-Fock energy (2.64), we 
obtain 


Byp=Hiy +2 (1 | Hy | vB yt E (we | Ay | vA RyBix—ByBy)s (5-12) 
uy LVKA 


Au" VK 


where we have used the operator notations (2.2), and the brackets ( ) 
denote the ordinary matrix elements with respect to the given AO’s ©,, 
including spin ; 

(| Hy |»)= | ®*,0c,) HP, (0c) dey, 


(UK | Hy, | Vr)= | DY (25) D* (a) 19 (04) P (Xs) da, di». (5.13) 


In this way we have expressed the total Hartree-Fock energy in terms 
of the integrals over the ordinary atomic orbitals. From molecular theory 
one has a great deal of experience in treating these integrals, and this 
knowledge may now be utilized also in solid-state theory. 

A few words should be added about the separation of the spin variables. 
The Hartree-Fock functions are spin-orbitals, which are formed by 
multiplying the crystal orbitals pup ;(K,1r) by the spin functions «(s) 
and [(s) respectively. By separating the spin variables, the density 
matrix e may be written 


P(X1, Xa) =p+(ty, P2)%(81)e%(S2)-+ p- (Pa, P2)B(Si)B(S2), - - + (5.14) 
and we note that, after carrying out the summation over the spin 
coordinates, all energy terms in (2.64) may be expressed in terms of the 


Shorr pha, Fo)=p+(Fi, Po) +p_("a, Wa), mies sleek) 
except the exchange energy, which takes the form : 
— 40° p+(hr, P2)p+(Po, 1) p_(t1, Ve)p_("2, ¥1) dv, dv, (5.16) 
2 ea ? 


indicating that there will be an energy contribution of this type only 
from electron pairs having parallel spins. In the important case of a 
singlet spin state, when the plus and minus electrons are symmetrically 
distributed over the orbitals, we have p.==p-=4p(ry, r,), and the total 
energy may be expressed in the form 


Z Zn, 1 r,,0r 
ie A a + 5 | prtol ry 0) sae os [ete > D dy 
gh "oh 
+4e(e r,)p(hs, sat Ce reir r,) dv, dv», (5.17) 


re 
r12 
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where we observe the extra factor 4 in the exchange term. The expression 
(5.12) is easily simplified similarly. 


5.1.2. Evaluation of the Density Matrix in the Simple LCAO-Method 


According to (5.11), the basic density matrix g may be expressed in 
terms of the ordinary AO’s and the ‘ charge and bond order’ matrix R. 
By using (5.7) and (5.8) we obtain for the latter 


R= CC'=AUcctUIAU eee 


and the matrix R may therefore be evaluated, as soon as we know the 
rectangular. matrix C, which describes the exact solutions of the 
Hartree—Fock equations. 
In this section, we will investigate the matrix R under the ‘naive’ 
assumption that putting 
Cy= 5 meres he fie ies 


gives a reasonably good approximation to the exact solution of the 
Hartree-Fock approximation ; an identical result would be obtained by 
assuming that cc'=I, ie. that ¢ is unitary. 

The assumption (5.19) implies that the LCAO Bloch-functions given 
by (5.3) are fairly good approximations to the actual Hartree-Fock 
functions. For the ion-core orbitals, one can expect the accuracy to be 
high, since the crystal potential is small in comparison to the screened 
attraction of the nuclei. For the same reason the valence orbitals are 
probably described properly in the neighbourhood of the nuclei, and, 
because of the large overlapping between the ‘tails’ of the atomic 
valence orbitals, they are also approximately plane waves in the inter- 
atomic regions ; see § 4.3.2. The functions (5.3) have therefore all the 
characteristic properties of the Hartree-Fock functions for a crystal, as 
far as those are known. In principle, it would be easy to test the accuracy 
of (5.19) by starting a Hartree-Fock cycle according to § 2.2.3.2 with 
(5.19) as the ‘ initial ’ condition, but the numerical work involved in each 
cycle is appreciable. However, by means of modern electronic computers, 
problems of this type are now solvable. 

Introducing (5.19) into (5.18) we obtain 


R=AQA', Q—UU*' (rectangular), ies: (6,20) 


where @ may be considered as the ‘ charge and bond order matrix’ with 
respect to the orthonormalized AO’s @~. Because of (5.19), @ is diagonal 
in terms of the submatrices Q;;, and we have 
Q =Q,,5;,, Ne eo A NT 
where Q,,; is given by 
(Fi) 
Q;(n, m)=G> Y exp [27ik . (n—m)]. ek Oar 


0 
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If the ‘zone’ 7 is completely filled, this gives in particular 
Q,,(n, m)=6(n, m), esa amo ss ms (Oe oe) 


corresponding to the fact that there is no formal valency between com- 
pletely filled shells. On the other hand, if the ‘ zone’ is not completely 
filled, we will assume that the distribution in k-space is spherically 
symmetrical and characterized by a ‘ Fermi surface ’ having a radius /,, 
determined by (4.40), provided that this surface does not reach the 
boundary of the first Brillouin zone. This assumption, which should be 
checked by its ‘ self-consistency ’, is probably good for a band which is 
half-filled or less, but it certainly needs modification when the number 
of electrons is higher. By using (5.22) and (4.8) we obtain 


(kp) ie 
Q,,(n, m)=G7| exp [27ik . (n—m)](dk)= Fi gmk: |n—m ]}, (5.24) 


where q(€) is the function (4.41) and N, is the number of electrons in the 
band 2; N,/G8 gives the ratio to which the band is filled. 


Table 1. Some Properties of the Neighbours of an Arbitrary Lattice 
Point in a Body-Centered Cubic Lattice 


x=order of neighbourhood, a,—distance, Ny=number of neighbours of this 
order, Qx«=elements of the bonding matrix. 


K Ax Nx Ox 
0 0 1 1-00000 
I a 8 0-23719 
ey 1-1547 a 6 0-10811 
3 1-6330 a 12 —0-08342 
4 1-9149 a 24. —0:06838 
5 2a 8 —0-05402 
6 2-3094 a 6 0-00378 
7 2-5166 a 24 0:02896 
8 2-5820 a 24. 0-03304 
9 2-8284 a 24 0-03212 

10 3a 32 0-02024 

al 3°2660 a 12 —0-00127 


The quantity Q,,(n,m) for the valence band gives an idea of the formal 
valencies within a crystal. In table 1, we have given the elements of this 
matrix for a half-filled band of a body-centred cubic crystal occurring, 
e.g. in the alkali metals; the quantity @ tabulated contains the contri- 
butions from both plus and minus electrons, but one has also Q,=a_=Q/ 2: 
We note that the ‘ bond orders ’ are alternately bonding and antibonding, 
depending on the distance between the atoms under consideration. 
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In considering the matrix R defined by (5.20), let us finally investigate 
the contribution from the matrix A given by the orthonormalization 
procedure, p=®A. The given AO’s are divided into subgroups 


&=(@,, &,, &,,...) which are symmetrically and successively ortho- 
normalized so that the matrix A becomes triangular : 
Ai, Ai» A. ie 
O Age Ags - 
A= oe has Ob! ol eS een oss 
0 OAs 


According to (3.57), we have for the first few elements 
Ay=Aiy?,  Ay=—Ayr Ay: (Aaa—Ayy Ay An) 

Ayo=(A 92—A 117 1A 2A 93)”, say wr ae (0.26) 
21 SPR Oren Pe eee he A i tcce seSak Codeas Oiclich Soc 


where the general formula is a generalization of (3.23) to matrices. Since 
the submatrices A,; are all cyclic matrices in the indices (m, n), they 
commute with the submatrices Q,,, and we obtain from (5.20) that 


R,j;=2 Aj, Qo At j=2 Qi Ain At; 


ion-core 


= 2 Aig Al yj + Qyy Ain Aly; beh se ee 


where index v denotes the valence band. We have assumed here that the 
ion-core bands are completely filled and that (5.23) is valid. Since A;,=0 
for i>«, the first sum is zero unless 7 and j are both associated with the 
ion-core c. For two ion-core indices, the first sum equals (A ,,~+);;, where 
A ,, is the overlap matrix associated with the ion-core orbitals only. This 
result is indepenent of our special method of orthonormalizing the ion- 
core functions, for, according to the general theory of § 3.2.3., we have for 
the ion-core part A of the total matrix A : 


AtA,.A=1; RAED Oe ee eles 


However, the successive orthonormalization gives valuable formulae for 
calculating the inverse overlap matrixA ,,~!, which will be discussed further 
in the following section. 

Our discussion shows that, if the ion-core bands are completely filled, 
it is sufficient to divide the given AO’s into two groups only, P=(®,, ®,), 
where we may orthonormalize the ion-core group entirely symmetrically, 
if we wish. By using (5.26) this gives the following final form for the 
matrix Rf: 


A got yA Pell mpc A cw Due tele =O 5 Sane pa Tay: Q-1 
enn Ain Ti gg Ae 2-1 ; Qa Agen Q-1 


(5.29) 
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According to the general theory in § 3.2.3., the power series expansion for 
$2~* is convergent unless there is some form of linear dependence between 
the valence AO’s and the ion-core AO’s. 

We note that the interactions between the valence orbitals and the 
ion-core orbitals are determined by the adjoint submatrices R,,, and R,,,. 
As an example of the order of magnitude of the overlap integrals involved, 
we will mention the following data for the atomic Hartree-Fock functions 
of Na, taken at a distance a=7a, corresponding approximately to the 
distance between nearest neighbours in metallic sodium : 


S (3s, 38) =0-40630 , 
S (38, 2s)= —0-04139 , 
S (3s, 1s)=0-00403 . a tad ae eke aay (6,31) 


The last two integrals, belonging to A,,,, are certainly much smaller than 
the first one, belonging to A,,,. However, the number of neighbours is 
jarge, and this means that at least the terms linear in A ,,, will be of impor- 
tance, particularly in connection with the density ©,(1) ®,(1) involving 
two AO’s belonging to the same atom. In a previous investigation 
(Léwdin 1951 b), even the terms linear in A, were neglected, but it is 
doubtful whether this is justifiable in evaluating such ‘ small’ quantities 
as the cohesive energy. 

In conclusion, we observe that the matrix R given by (5.29) does not 
contain any matrix A to the power of —4 but only matrices to the power of 
—l. From the computational point of view, this is a considerable 
simplification, and we will now add some remarks about how the inverse 
matrices of A ,;, are most conveniently calculated. 


5.1.3. Calculation of the Inverse Overlap Matrices Aj" 


The general methods for calculating the matrix A~1/? developed in 
§ 3.2.2. are easily generalized in an even simpler form to the evaluation of 
the inverse matrix A~!. The inequality (3.29) gives a sufficient condition 
(Lundqvist and Fréman 1950) for the convergence of the series 


(ES yet ot SG eSte So fae ne Bn (5.92) 


and the relation —1<s,<+1 analogous to (3.45), gives the complete 
convergence condition. The series (5.32) is therefore certainly divergent 


if s;=—1 (linear dependence) or if any eigenvalue s;>+-1. The most 
general formula for A~1, analogous to (3.39) is given by 
A-teUds1Ut, fe (5,88) 


According to (3.46), we also have the expansion 


(I4S)7A= (1459, 2 (IF o+o%+e%4...) . . (5.34) 
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which is convergent, unless the ®-set is affected by any form of linear 
dependence. 

In the case of crystal symmetry, there are now considerable simplifica- 
tions in the calculation of A~! depending on the fact that all submatrices 
A ,, ave cyclic matrices and commute. If the given AO’s simply consist 
of two groups, ®=(®,, ®,), formula (5.26) gives 


A-1=AAt= ee ae gh ren C54: 
Tee 2 11 


%=(A 114 92—A 12 A a1) 
=A 1171 A 99°? (I—A 41-1 A 99 1A 124A 93) 7, sts ase Daoun 


where 


which is also easily checked by direct multiplication, i.e, AA~'=A 1A =I. 
We observe that (5.35) is nothing but the well-known form for the inverse 
of a matrix of the second order, only that the elements are now submatrices. 
In general, the inverse of a matrix A having the number elements 4; is 


given by (Am) 23 Dp ae ree Peg td Cis 


where D,; is the cofactor of the element J ,;;in the determinant D=det {4 ;,}- 
Formula (5.37) may be applied directly to a matrixA built up of commuting 
submatrices A ,;,, provided that the relation D=det {A ,;} is taken as the 
definition of a matrix of the same order as the submatrices, i.e., 


Did (— 1) P, AS AS AG see nee 
: 


where P, is a permutation working on the indices v4, vy, v3, ... and p its — 
parity ; the cofactors D,; are defined correspondingly. 
The proof of (5.37) depends on the fact that the sum 


TAG De. | te he ee 2 ee 
ted 
is a ‘ determinant ’° of submatrices, which is the same as D except that the 
row A,, is replaced by a row containing the elements A ,,. For i=), 
expression (5.39) reduces to D; for i=), it is identically a zero matrix, 
since the ‘ determinant ’ has two rows the same ; this proves (5.37). 

The main problem in calculating A~! is now the evaluation of the 
inverse matrix D~!.  'This problem is of a considerably lower order, and it 
is sometimes simply solved by power series expansions. Formula (5.37) 
is particularly useful in determining the matrix A ,,~! associated with the 
ion-core. 

It remains to discuss the calculation of the matrices A it ~6Which, 
particularly for the valence electrons, may be somewhat cumbersome. 
In this case, the series (5.32) is usually divergent and the series (5.34) 
converges often so slowly, that it is useful only if a high-speed computer is 
available ; it is therefore desirable to have other methods too. The most 
elementary of the methods of evaluating an inverse matrix T=A~! is, of 
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course, to solve the systems of linear equations which are obtained from 
the relation A . T=1: 
See 50S et Ee ee. 8 (6:40) 


by varying ¢ and keeping j fixed, and fortunately this method seems to be 
of practical use even in the case of large overlap (Lundqvist and Froman 
1950 ; Léwdin 1951 b), particularly if one uses the crystal symmetry. 

As an example, we will consider the simple case of s-functions. A 
cyclic matrix A which has the special property that each matrix element 
A(m, n)=A(0, n—m) depends only on the distance |n—m | will here be 
said to have s-character. All lattice points n, same distance from m, are 
then said to be neighbours of m of order «, which will be indicated by the 
symbol «={m, n}. We will let NV, be the number of neighbours of order « 

of an arbitrary lattice point, and a, be their distance from this point ; as 
an example, these quantities are given in table 1 for the body-centred 
lattice. 

In constructing the Brillouin zones in § 4.2.2., we re-arranged a three- 
dimensional set in a linear order, and we will now try to simplify A(m, n) 
in a similar way. By using the s-character and the cyclic property of A, 
we will replace the square matrix A(m, n) involving the three-dimensional 
lattice point suffices m and n by an equivalent row matrix A,, defined by 
the correspondence 

A(m,n)<—-A, «={m,n}. .. . . (5.41) 


For a matrix product of two crystals matrices A and B of s-type, we have 


(A . B)(m, n)= SA CR Cons (OT aie ee te ee D.42) 


For the associated row matrices, this leads to 
CRB een (eG) om ir eee te Bens (3.43) 
pq 


Here n,. (p,q) is the integer, which gives the number of lattice points a, 
which are neighbours of m of order p and neighbours of n of order ¢ when 
{m,n}=x. The numbers 7,(p, q) are conveniently arranged as matrices 
n,(k=0, 1, 2,...) having the symmetry relation n, (7, p)=" (p,q). 
These matrices may be evaluated systematically by considering the 
formulae for the mutual distances between the lattice points. As an 
example the matrices ,, «=0(1)9, are given for the body-centred_ cubic 
structure in table 2. 
For s-functions, the relation (5.40) may now be written in the form 


D xg T'g=Sox + i let een eh ape Ate 8, 
q 


h 
as Oyg=a A, %, (P,Q) - Sod ahs mgt tek (0:40) 
D 


The system (5.44) is easily solved by elementary methods, and this gives 
the elements 7’, of the row matrix corresponding to the ‘ square ’ matrix 
4 eaters 
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= 


Table 2. The Matrices n, for «=0(1)9 for the Body-Centred Cubic Lattice 


Ifg and h are two neighbours of order «, then n,(p, g) gives the number of lattice 
points which are neighbours of order p and q with respect to the lattice 
points g and h, respectively. 
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As an example of the results which may be obtained in this way, we 
have in table 3 given the values of Aes garters 5s 2nd 3.5, 13, e.10r 
metallic sodium for the distance a=7ay. We see that the overlap is very 


large, and that we really need special methods for evaluating A,, 5,71. 


Table 3. Overlap Integrals and Related Quantities for Metallic Sodium 
LOMO hy 


x 


A3e,38 A3¢ 35 ete Q3s.38 A35.35 fc 


1-00000 31439 1-1549 
0-40630 —0-8104 0-0857 
0-30854 0-0077 —0-0665 
0-10903 0-3564 —0-1805 
0-05369 —0-0042 —0-0767 
0-04297 0-1115 —0-0480 
0-01879 —0-0016 0-0621 
0:01077 —0-0821 0-0953 
0-00905 —0-0173 0-0999 
0:00477 0-0170 0-0646 


0 
1 
2 
- 3 
4 
5 
6 
a 
8 
9 


The matrices 7, (p, q} are only considered here for the s-case, but we 
_ note that similar matrices may be defined also for the p-case, d-case, etc., 
even if they are somewhat more complicated. 


5.1.4. The Energy Bands in the Simple LC AO-Method 


The eigenvalues of the effective Hamiltonian (2.62) give the orbital 
energies ¢;(K,), which are grouped into quasi-continuous energy bands 
corresponding to the different values of the ‘ atomic’ index 7. We note 
that, because of the non-linear character of the Hartree-Fock equations, 
the form of a certain energy band depends not only on whether it is 
occupied itself, but also on the state of occupation of all other bands. 

The orbital energies are obtained as the eigenvalues in the method 
developed in § 2.2.3.2. for solving the Hartree-Fock problem. Here we 
will investigate the energy bands only under the simplifying assumption 
(5.19), which implies that the LCAO Bloch-functions (5.3) are considered 
as approximations to the actual solutions. According to the variational 
principle, ¢; (kj) is then approximately the expectation value of Hog 
with respect to these functions : a 
€; (ka) =| (Ko, X1) Hoge (1) ob; (Ko, X1) d@y= & H,; (O, n) exp [27 . ae 
where (B38) 


H (en, m9) =[ 6-* (t,x) Hal) (0,4) de 
1 Z 
= [at (mel pte 2 8h (0a) dey 
+e] b;*(m,X1)4,(N,X1)p(Xo,Xo)—h;*(M, x1 )h (1, Xo) p(Xa,%y) 


"12 
i oped lipesia hee heen Se 0 2 | 
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By using (5.4), (5.11) and the condensed notation »=(?, m), we then 
obtain 


FL ore (ue; aA ae (x | H, | B) Ag, 
ap 
+e? 2 ANS Ag, Rix {(a« | Hi | PXr)—(uK | Ay» | B)} ? 


oPKA 
. (5.48) 


showing that the matrix elements (5.47) may be evaluated by means of the 
same ‘ atomic integrals ’ as occur in the total energy (5.12). Finally, the 
particular bands for the ion-core orbitals and for the valence electrons may 
be derived by using (5.26) and (5.29). 

The simple approximation (5.19) is probably good, only if there is a 
single type of atomic valence orbital present in the system. If there are 
several types of valence orbitals involved, one may use an abbreviated 
form of the general expansion method developed in § 2.2.3.2 and assume 
that the actual Hartree-Fock functions may be expanded in terms of the 
Bloch-functions (5.3) associated with the AO’s occurring in the system. 
This leads to an abbreviated secular equation of the form (2.79), which 
describes the ‘interaction’ between the energy bands of the simplest 
picture. A really exact solution of the energy band problem, however, 
will be obtained only by using an expansion in terms of a complete set and 
by solving the corresponding eqns. (2.78) and (2.79). 


5.1.5. The Cohesive Energy 


Let us finally consider the cohesive energy of a solid-state system which 
is given by one of the formulae (2.123), (2.125) or (2.129). The density 
matrix ep is given by the exact expression (5.9) or (5.11), and the only 
question is how we will divide this quantity into parts @, associated with 
the different nuclei g ; see (2.120). As pointed out in § 2.1.2, this procedure 
is by no means unique, and there is an infinite choice of atomic-like or 
cell-like divisions. Starting from (5.11), we may consider it natural to 
consider the following special choice : 


p(X, Xy)=2' py (X41, Xo) 
g 
all g 


Pu (X,. Xo)= , a o*, (x4) ®, (x5) R 


BR» 


as (5.49) 
where we sum p over all AO’s but v only over the AO’s associated with the 
nucleus gy; for complex AO’s the quantity p, may be symmetrized, if 
desired. 
The density matrices of the free constituents may be written in the form : 
9 


Pg (xy, X,)=2'n, p* (1) ®, (2) 


cu 


g 
= id O*,(1) ©,(2) a. ee ee 


wy 
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Here n,,=n, 6,, is a diagonal matrix, in which the element n, gives the 
occupation number of the spin-orbital ©,, which is either 0 or 1. 
According to (2.121), we then obtain 

all g 


Ap, (x1, X_)= FL ®,* (x1) ®, (xy) (R,,—n 


17 ee 
uv 


Substituting (5.49) and (5.51) into (2.123), we obtain a formula for the 
Hartree-Fock part of the cohesive energy, which has previously been 
used in an approximate form by the author (Lowdin 1951 a, b) in treating 
metallic sodium. Substituting (5.50) and (5.51) into (2.125), we obtain 
another formula for the cohesive energy, which we have used in investi- 
gating some ionic crystals (Lowdin 1948a). Both formulae give the 
Hartree—Fock part of the cohesive energy in an exact form, if the matrix R 
is determined exactly according to (5.18). One may expect, however, that 
even the simple assumption (5.19) may lead to a good approximation for 
the energy, particularly since, in deducing the total and cohesive energies, 
we have never assumed that we have the exact Hartree-Fock functions of 
the crystal at our disposal ; cf. (2.65). 

In using (2.123) or (2.125), we have to evaluate a special term of the 
form 


(5.51) 


U 


=| Pend) ipa heel Vidi, ven tanrs vey (6.52) 
g 

where H., , is the effective Hamiltonian of the free constituent g. 
Landshoff (1936) was the first one to observe that a term of this type could 
be greatly simplified if the basic AO’s were chosen as the Hartree-Fock 
functions of the free constituents, so that 


Hoe )D, (xia: 0G), (8.53) 


when @, belongs to g. By substituting (5.53) into (5.52), the latter 
expression takes the form 


all g g = 
z{z Be, Ayal Ryu, Bye) bE Seouqegens)\e ee < (6.84) 
g \u » g 


where n=RA=AUcc'UiA-!. The diagonal element ,, may be 
interpreted formally as the number of electrons occupying the orbital @, 
in the solid-state system, and (5.54) gives therefore the total change in the 
orbital energies due to the rearrangement of the electrons, when the free 
constituents are moved together to form the crystal. In the case of 
completely filled shells, the simplifying assumption (5.19) leads to the 
relation n=I, which implies that, if the free constituents are ions with 
such shells, the term (5.54) is identically zero. 

We note that a necessary condition for the transformation (5.54) of 
expression (5.53) is that the AO’s ®, are the exact Hartree-Fock functions 
of the free constituents. If this is not the case, we have still 


[ *() Hoe, o(1)®, (1) da mee) ee ee (5.55) 
but the integral [®,*(1) Hog ,(1)®,(1) dx, is no longer identical 
with <,4,,, and the actual difference may be quite appreciable (Margenau 


vy pv? 


1951, Lundqvist 1954). If the basic AO’s @, are chosen as Hartree 


P.M. SUPPL.—JANUARY 1956 iH 


96 Per-Olov Léwdin on a 


functions calculated without exchange for the free constituents, a certain 
correction term to (5.54) has also to be added, but it may be shown that, at 
least for the ionic crystals, this term is comparatively small. 

The transformation (5.54) is useful from the point of view that the two 
large kinetic energy terms in the expression for the cohesive energy 
disappear and only Coulomb terms are left. This is therefore a good 
reason for choosing the atomic Hartree-Fock functions as basic AO’s, 
when they are available. However, it should be observed that the elimin- 
ation of the kinetic energy term in the total energy also has a certain 
disadvantage, particularly in an approximate calculation, for, if this term 
is present, one can always carry out a uniform ‘ transformation of scale ” 
of all the orbitals involved and improve the total wave function, until the 
virial theorem is fulfilled (see e.g., Hylleraas 1929, Kohn 1947). The 
ultimate choice of basic AO’s depends therefore also on the aim of the 
investigation and the degree of accuracy desired. 


§ 6. GENERAL TECHNIQUE USED IN EVALUATING THE ENERGY 

In § 2.3.3 and in §5.1.4., we have discussed in detail the subtraction 
procedure used in calculating the cohesive energy of a solid-state system, 
and, for the sake of simplicity, we will confine our attention here to the 
total energy (5.12), which is more condensed in its form. We still have 
to discuss how to evaluate the ‘ atomic integrals ° over the given AO’s, 
which are of four types: overlap integrals, kinetic energy integrals, 
nuclear attraction integrals, and electron repulsion integrals. 


6.1. Expansion of a Wave Function on One Centre in 
Spherical Harmonics about Another Centre 
In order to calculate the atomic integrals, we will use the general tech- 
nique described in § 2.1.3. In connection with quantum mechanics, the 
classical method of expanding in spherical harmonics was first used by 
Coolidge (1932), and it has later been developed by several authors 
(Landshoff 1936, Lowdin 1947, 1948 a, Barnett and Coulson 1951, 1954). 
The basic idea is to expand a wave function ®, associated with one 
centre h in spherical harmonies Y,,, on another centre g- Letp=(h, NEM) 
be the atomic quantum eaiciers of the AO under consideration and 
(R, O, ®) a system of spherical coordinates having its centre at h, so that 


@,(R)=O(NLM | roo) — 2’) Yiu (9, ®) 


tyr(h) cos m@O 
=k -4 a! } 
IMP P,” (cos @) ee <i es arene (6.1) 


where k,y, is the normalization constant in (2.29) : 


2L+1(L—M)! 
kaa af (¢ (Dh em 9 ee Ane (L+M)! cam) ; €g=1, €,=2 (v>1). 


We will further introduce another system of spherical coordinates (r, 4, ) 
having‘its origin at the point g and with the polar axis along the line gh. 
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For the sake of symmetry, the polar axis of the first system will be chosen 
along the same line but with the reverse direction ; see fig. 3. We have 
the following elementary relations between the coordinates of these two 
syst : | 
os a ?=a7+r?—2 arcosd; G=d; 

HpeGne econ U=— Oh; | Vit.sin O==r'sin 6, ..-. .'* -* (6.2) 


where a=r,,. According to (2.31) and (2.32), the expansion of ®@, in 
spherical harmonics about g may now be written in the form 


O(NLM eyes Wie cos ma : 

| RO®)=kyy 2 2 o,(NLM | a, r)P;” (cos 0) -. , + (6.3) 
ones sin md 

with the expansion coefficient 


fyi (Rh) 
naar 


P,™ (cos @) P,” (cos @) sin 6 dé, 

(6.4) 
where the factor 276,,,, comes from the integration over d. We note that 
the factor cos M@ or sin M@ is left unchanged and goes over into cos Mé 
or sin M¢, respectively, depending on our special choice of the coordinate 
system in fig. 3. Expansion (6.3) contains contributions only for m=M 
and may therefore be written in the simplified form 


tim (NLM | a, 1) =278 47 bi? | 


OWLM | ROD) =k at S o,(NLM |a,7r)P¥ (cos), . (6.5) 
sin Md¢J jo 

where we have also dropped the second index on the coefficient «,=«,);. 
We observe, however, that the general expansion (6.3) may be used even. 
if the function ©, has arbitrary axes of quantization relative to the fixed 
system (r, 0, d) at g. 

Except for normalization factors, the «’s are simply the radial functions. 
of ®, with respect to the centre g, and we note that, if ®,, is, e.g. an s-function. 
with respect to hf, it will be a ‘ mixture’ of s-, p-, d-,... and higher 
functions with respect to g ; see also fig. 7. 


*6.1.1. Case of Atomic Hartree-Fock Functions 


Let us first consider the general case, when fy, (#) is an arbitrary radial 
wave function, which may also be an atomic Hartree-Fock function given 
only numerically inthe form ofatable. In the integral (6.4), the quantities 
r and a are fixed parameters, and, instead of 6, we will therefore introduce 
R as an integration variable by means of the first relation (6.2) and 


R 
sin 0. d0==——di-= 39... 3 2 1 « (6.6) 
ar 


the positive variable R will vary here between R= |a—r|(9=0) and 
R=a-+r (@=7). The integral (6.4) then takes the form 
a, (NLM | a, r) 


1 patr 
=2akiye— | fyr(R)P* 


Ja—r| 


a? R2— 9! u a?+r2— R? 


HZ 


98 Per-Olov Léwdin on @ 


Using the well-known explicit expressions for the associated Legendre 
functions, we may write (6.7) in the form 


a,(NLM | a, r) 


2i+-1 L4l rar ane ; 
= Daiaay A 2, Ou WEM |a, | fas(B) "dR, . (6.8) 
a 3 8=0 a-—r 


where Q,, (NLM |a,7) is a homogeneous polynomial in a? and 7° of 
degree 2(L-+-/—s). For the sake of brevity, we will temporarily introduce 
the bracket notation 


(Cg 3. Cyip.Cag-+ » Cpa) = Cg 2-60 rege et er ee 
(6.9) 


and a bracket containing » numbers will therefore represent a homo- 
geneous polynomial of the degree (2n—2). 

The first few polynomials Q,, for (VLM)=(N00), (N10), and (N11) are 
given in table 4. We note that in comparison with a previous notation 
(Lowdin 1948 a), a factor 2 has been removed both from these polynomials 
and from the denominator in (6.8). There are several recurrence relations, 
which may be derived from the properties of the Legendre functions, and 
we note particularly the following formulae : 


21-1 ; 
Qi+1, s (V00 | a, r= my {(7?+-4?)Q,, (N00 | a, r)—Q,, salty 00 | a, r)} 
4l 
ie 2 0-305 (N00. | 255). Seed n FO.ae) 


Q1s(N10 | a, r)=(r?—a?)Q,,(N00 | a, r)—Q, .-1(N00|a,7r), . (6.11) 
(20-+1)Q,,(N11 | a, r)=4a77?Q)-1 , (N00 |'a, r)—Q,41 , (N00 | a, r). 
(6.12) 


The calculation of the Q-polynomials by means of these relations i is greatly 
facilitated by the bracket notation (6.9). 

As examples of the use of the basic formula (6.8), we will write down %» 
and a, occurring in the expansion of an arbitrary s-function : 


L pate 
9 (N00 | a, r) =a | Fool 2) dk ; 
= |a—r| 


“a+r 


3 ade 
(N00 | a, r)= = ae) | fvoo(R) dR— | Srvoo(R). R2 aR}. 


J 
(6.13) 
Because of the dependence on the absolute value |a—r |, the point r=a 
shows a peculiarity: all the «-functions and their first derivatives are 
continuous at this point, but there is usually a discontinuity in their second 
and higher derivatives. In treating the «-functions by analytic methods, 
one must therefore distinguish between the two regions r<a and r>a, and, 
even in a numerical integration, some precaution is necessary. 


la—r | 
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In the case of atomic Hartree—Fock functions, the radial functions fyz(R) 
are given only numerically. However, by means of the basic formula 
(6.8), all the «-functions may easily be computed by numerical integration. 
They are then obtained in numerical form, but this is usually an advantage 
in evaluating the atomic integrals by means of numerical integration. 
In the region close to 7=0, the numerical procedure may become cumber- 
some, since there will be much cancelling between large terms in (6.8). 
Since even the quantity 7x, will be needed close to r=0, it is advantageous 
to evaluate the «-functions in this region by a special procedure. 

The «-functions are usually analytic within the region r<a, and they 
may therefore be presented also in the form of a power series expansion 


a,(NLM |a,r)= 2 a; om (NEM |a)r*4,r<a. . (6.14) 
n=0 


This expansion may be derived directly from (6.8) by using Taylor’s 
theorem for the integrals, which gives 


1 a+r L L a y\2n 
5p) fxn (R) Bt aR =a 4 & (2) Ao2* (NL | a), . (6.15) 
n—h—-1 d” {Rf a" R"fyi(h)} 
h h S wil 
vhere A, (NL | a)= atid AR a |e a, © she) 


and A,’=0 for n<0. At first sight, the quantities A,” may appear 
bomewhat artificial, but they are related by the simple recurrence formula 


A,H1=A,'+ —— er oa tuyere Rene De 
which is convenient for numerical purposes ; basic quantities A,” are 
computed for some suitable value h=h' according to (6.16) by means of 
numerical differentiation of the function R’fy,(R) by using Newton’s 
formula for equal or unequal intervals or by an analytical fit. If we write 
the polynomials Q,, (NLM | a, 7) in the form 


: L+l—s 
Qi(NLM |a,r)= 2 c,(NDM |Is) a%2tl-s-y2e | (6.18) 
v»=0 


and substitute (6.15) into (6.8), we obtain 
QI4] L+l L+i-s : 
= ieaJoEit cS c,(NLM | Is)A#-% (NL | a). 
: (6.19) 


The coefficients c, are taken from table 4, and the numerical procedure is 
then easily carried out in a systematic way. A good check on the 
calculations is provided by the fact that all coefficients «, 5, , should 
vanish identically for 0<n <1, since the power series (6.14) starts with the 
r'term. A more condensed way of evaluating the first non-vanishing 
coefficients has also been described (Léwdin 1948). 


x), on-1 (NLM | a) 
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As an example of the properties of an «-function, some data concerning 
the x -function for Cl (3p) will be presented. eeLae to (6.8) and 
table 4, this function is given by the formula 


ik t a+r delle OTe 
9(810 | a, r= 7-4 (1? —a )| a aR | fap(R)R ant. 
la—r| 


|a—r| 
(6.20) 


Starting from the Hartree-Fock functions for Ci- (Hartree and Hartree 
1936), we have for a—5-5 obtained the power series coefficients in table 5 (a). 
In this table 0,, denotes n digits equal to zero, for instance 


0-0, 60316—0-00000 60316. 


Table 5. The Function «) (3p0 |a,7) for Cl” and a=5.5 ay 


(a) contains the coefficients in the power series expansion around r=0. 
(b) gives a comparison between the function calculated by numerical 
integration (I), and the power series function (IT). 


(a) (b).  a(3p0| a, 7) 
Power series I II 
coefficients r Numerical Power series 
integration expansion 
n Oa, 

0 0-0 177 61 0 0-0 177 61 0-0 177 61 
2 0-0,774 56 0-5 0:0 179 20 0-0 179 55 
4 | +0-0,603 16 1 0-0 184 34 0-0 185 41 
6 | —0-0,633 40 1-5 0:0 195 02 0:0 195 27 
8 | —0-0,136 69 2 0:0 208 92 0-0 209 11 
10 | +0-0,321 35 2-5 0-0 226 39 0:0 226 58 
3 0:0 246 42 0:0 246 66 
7 3°5 0-0 266 10 0-0 267 15 
4 0:0 277 O1 0-0 284 22 
4-5 0-0 260 60 0-0 292 06 
5 0-0 185 71 0:0 283 28 
5-5 | +0-0,862 10 0:0 248 74 

6 —0-0,353 00 

6-5 | —0-0,594 20 

7 —0-0,674 40 

7-5 | —0-0,582 20 

8 —0-0,459 00 


Table 5 (b) contains a comparison between the function (/) computed 
from (6.20) by means of numerical integration and the power series function 
using six terms, and it shows that the latter gives reasonable accuracy in 
the region 0<r<a—2. Since the power series does not represent the 
«-function in the region r>a, it is usually much better to use the numerical 
representation for all values of 7, and this is strongly recommended. 
‘Further examples of «-functions are pied in fig. 7. 
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*6.1.2. Case of Exponentials 

If the radial function fy ,(”) is an exponential, the expansion in spherical 
harmonics is most simply found (Coulson 1937) by using a well-known 
formula in the theory of Bessel functions (Watson 1922, p. 366) : 


exp fad =(ar)-1/2 5 (21-+-1) y, (nr, na) P, (cos 8), (6-21) 
1=0 


Te hey) ae (45), » ‘24 saee 
: 29 we i+1/2 ( 1) 141/2 2 1 (6.22) 


where vy, (245 ; 
Ti+sje (42) Kigaye (21): 21> 22. 


I, (z) and K,,(z) are the modified Bessel functions of imaginary arguments, 
which are given explicitly for ee orders by the formulae 


Lis yl2)=e fi(—z)— —1) e* f,(z) 
aes 


f (2) (202) 24 y (J+) ! 


2 ie Od Pyke ail eT Gat 


As modified cylinder functions, they satisfy the standard recurrence 
relations, but we note that, because of the way some zeros turn up, the 
recurrence relation for the /-functions may be used for numerical purposes 
only for decreasing the index v. The /-function for the highest value of v 
desired must therefore be evaluated by a special technique by using, e.g. 
formula (6.23) for large z and the power series expansion for small z 
(Barnett and Coulson 1951); in our own applications we have found it 
more convenient to evaluate the highest /-function by numerical integra- 
tion of the modified Bessel’s differential equation. The most extensive 
tables of these functions have been given by Barnett and Coulson (1954) 
for the following ranges of the parameters : 


\/ (272) Ty44/9(2), I=1(1) 10, z=0-0 (0-2) 10-0 
4/ (22/7) Ky44/9(2), H=1 (1) 10, 2z=0-0 (0-2) 10-0 (1-0) 25-0. (6.24) 


In addition to (6.21), they have also introduced the following expansion : 


Ri™—* exp (—7nR)=n-™(ar) Bie (21+-1) G1 (nr, na) P; (cos 6). . (6.25) 


—) 


Introducing the abbreviations tyr, r=na, and differentiating (6.21) once 
with respect to», we obtain for m= 1 


tr 
no, 1 (t, T= Wh {yimy ( Ty 143 Ce TI}. S468) 


1 j 1». T Ss 8 2 . “ ~ 7 7 
By multiplying (6.25) by R®=a?--72—2ar cos 0, we obtain further the 
recurrence formula 


Cm+2, = (?+7?) ers on, mith) Gant 4) » « (6,27) 


ei 
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where the arguments are (¢, 7). The enormous work of tabulating the 
¢-functions has been carried out by Barnett and Coulson (1954), and the 
following tables are now available :* 


m=0, J=—1(1)9 
24/ (ir) a (t, 7) me j=" (1) 8 
pee 00 (0-2) 10-0 


fi p 
Of | t=7 (0-2) 10-0 (1-0) 25-0. (6:28) 


Formula (6.25) is analogous to (6.5), and the «-functions for an s-function 
with radial part R”-1 exp (—7R) are thus given by 


a, (N00 | a, r)=(ar)-¥2y-™ ©, ,(nt,9a). . . . (6.29) 


The «-functions connected with p-, d-,.... and higher functions may 
be found from (6.25) by multiplying by the angular function expressed by 
Hobson’s formula for M>0 (Hobson 1931) 


L y\ v 
REY Pi (cos @yaat 2 (ayer) Ps(cosid) sn s2,( 6.30) 
which is a generalization of (6.2). 

The «-functions may therefore be found from the ¢-functions, if the radial 
function f y,(f) is a simple exponential function or a sum of such functions. 
We observe that even the atomic Hartree-Fock functions may be expressed. 
as sums of exponentials (L6wdin 1948 a, 1953 a, 1954 d), and these functions 
may therefore be treated by both methods. Since several exponentials 
are needed, the direct numerical method of § 6.1.2. is usually simpler if the 
functions are needed as a whole, whereas the method of § 6.1.3 provides a 
suitable device for finding the «-functions at a few selected points and gives 
a good check on the numerical work. 


6.1.3. Convergence Test 

Let us now try to test the convergence of the expansion of a wave 
function in spherical harmonics about another centre. For the sake of 
simplicity, we will choose as an example the expansion 


ice) 


Otay (aT) Picea). eet see Ono L) 
1=0 
where a, (4 [n=V (er) iyi", vias (1 ayy. . . « (6.32) 


Since these functions show the typical behaviour of the «-functions in 
general, we have illustrated them graphically in fig. 7. 


* The author is greatly indebted to Dr. M. Barnett for putting a typewritten 
copy of the ¢-function tables at his disposal in Sweden. In connection with 
our previous work, some less extensive tables for the /-, K- and ¢-functions 
have been prepared, and the results in § 6.1.3 are actually based on them. 
The new tables will be of great help in simplifying work of this type in the 
future. 
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The set of Legendre polynomials P, (cos @) is complete, and, according 
to Parseval’s theorem, we obtain . 


| exp(- 2R)sin 8 dd— ¥ Jo, (a|r)P. . . (6.33) 


0 


=| 


Fig. 7 


ot (r) 
er? 


0 VES SLE 


The «-functions in the expansion of exp Ay in Sted harmonics about 
another centre ; a=1-5. 


0.7 


0.67 


0.5 


0.2 


But the left hand side is also equal to the function 2x (2a | 2r) and this 
gives us the possibility of checking the convergence of the series on the 
right-hand side. The quantity 


| Crise ion a, (a | r) P, (cos @) i‘ dx 


eS 477 
=41% (2a | 2r)—- XY —— |a,(a|r)[?>0 . . . (6.34 
0 | 10 21-+1 | l ( | ) | eat ( ) 


where dy=sin 6 dé d¢ is the solid angle, gives the average squared error 
over a sphere with radius r around g when the expansion (6.31) is inter- 
rupted at a finite point. We will define the quantity 


de il 
K, (a |7)= 12 Wa | x, (a|r) P} & (2a|2r), . . (6.365) 
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as the * completeness ratio’ of the interrupted expansion (6.31), and we 
observe that, for fixed values of a and r, the series Ko) Ky) Ka, -- . Increases 
monotonically towards the value 1. The function x, (a | 7) is therefore a 
convenient measure of the relative accuracy of the expansion (6.31) when 
it is interrupted at a varying term J=n. 


Fig. 8 


Ky fair) 
100 


se 
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The * completeness ratio ’ «,(a| r) for the interrupted expansion of exp (—R) in 
spherical harmonics containing the terms /=0,1,...; a=1-5. 


The functions «,(a|7) for a=1-5 are illustrated graphically in fig. 8. 
The curve for n=0 is not fully included ; it has a minimum value «0-548 
around r2-25 and then slowly increases towards the asymptotic value 
Kg=1. As each successive term in (6.31) is added, the accuracy is 
increased greatly and, for n=2, the average relative accuracy is better 
than 95%. Except for n=0, the function «,(a|7) has its minimum value 


Table 6. The Value of the Function «,(a|7) Describing the ‘ Completeness 
Ratio ° for r=a ; 


a 
pee 0-5 1-0 1-5 2-0 3-0 4-0 5-0 6-0 


0-92345 | 0-74089 | 0-55408 | 0:41272 | 0-25084 | 0-17331 | 0-13088 | 0-10470 
0:99514 | 0-96421 | 0-89878 | 0-81342 | 0-64401 | 0-51293 | 0-41921 | 0-35183 
0:99959 | 0-99543 | 0-98171 | 0-95553 | 0:87435 | 0-77923 | 0-68958 | 0-61208 
0-99996 | 0-99938 | 0-99690 | 0-99072 | 0:96325 | 0-91748 | 0-86146 | 0-80276 
1:00000 | 0:99991 | 0-99947 | 0-99817 | 0-99045 | 0-97317 | 0-94634 | 0-91249 
1-:00000 | 0-99999 | 0-99991 | 0-99965 | 0-99770 | 0:99197 | 0-98139 | 0-96529 


COR WHS 


close to the point r=a and, in table 6, we have therefore listed the 
quantities «,,(a | a) for different values of a in order to give an idea of the 
lowest average relative accuracy involved in using expansion (6.31) in an 
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interrupted form. As soon as two or more terms are included, the average 
relative accuracy is extremely high in the neighbourhood of r=0, but we 
also observe that the accuracy is high for large values of r, r>a. The 
last result is perhaps somewhat surprising, but it depends on the fact 
that, when the radius of the sphere around the centre g becomes very 
large, the difference between the two centres g and h becomes negligible. 

The example given here also illustrates qualitatively the convergence 
of the «-expansions of the atomic Hartree-Fock functions. 


6.2. Calculation of the Different Energy Terms 
6.2.1. Overlap Integrals 


Let us start by considering the overlap integral S,,, between two atomic 
orbitals ®, and ®,, where »=(h, NLM) and v=(g, nlm). By expanding 
®, in spherical harmonies according to (6.3) and (6.5) and by using the 
prthonor mality relation (2.30), we obtain 


S,.= | ®,*(1)®,(1) dey 


=Sankrabin *)  %(NLM | Gon T)fulrr dr. . . (6.36) 


If the «-functions have been derived in numerical form by the technique 
described in § 6.1.2, the overlap integral is quickly evaluated by a single 
numerical integration. 

If the radial wave functions are given as Slater exponentials, the 
overlap integrals between the corresponding AO’s have been thoroughly 
investigated and tabulated by Mulliken et al. (1949) by using the elliptic 
coordinates 

 R+r R—r 


- ye (6.37) 


For exponentials, this method is simple and straightforward and no 
expansions are needed. 

In order to investigate the connection between (6.36) and Mulliken’s 
result, we will substitute (6.8) into (6.36) and obtain 


=O um ry hy, (21+ 1)(2a)-2--1 


L+t po +r 
ss | fal?) "Q,,(NLM | a, r) dr \ fyr(R)R2-“dR. . (6.38) 
s=0 0 la—r | 
By using transformation (6.37) and its Jacobian, we get further 
va) rab=-7 an e+] 
J. ar | dR. =Z) ods] dt ee eS ER Gy 
la-—r| = 


As shown in fig. 9, the integration in (6.38) has to be carried out over a 
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strip of width ay/2 in the (r, R)-plane, and the transformation (6.37) to 
elliptical coordinates (s, t) is therefore simply a rotation 45° and a change 
of scale by a factor a/4/2. 3 


Fig. 9 


— 


r 


a 


Transformation from spherical to elliptic coordinates in the (7, R)-plane. 


*6.2.2. Kinetic Energy Integrals 

The kinetic energy integrals in (5.12) are of the form (p | p?/2m |v), 
where H=(h, NLM) and v=(g, nlm) are the atomic quantum numbers 
involved. For p? we may use the standard expression in spherical 
-coordinate: 

rdinates Ret a 1 a ish 

Ue 7 ect : ee oe Sa (0:40) 

where M? is the angular momentum operator, fulfilling the relation 
M?*Y ,,,=7ui+1)Y If @, is expressed in the form (6.1) or 


im* 


mala 
o,= 1m) ¥, 0, 4) Re rt (ot 
we have therefore (r) 
pO, = WEE V8.4), s+ (6.42) 
s (i-+1 
where Inl =fnr (7)— us df fe). fic Jo eee wR) 


The kinetic energy integral may then be evaluated as the overlap integral 
between ®, and p?®, and, using (6.43) and (6.36), we obtain finally 


1 s Poe ee 
te |p | vy)=— Fy Mm im im 


2m 
x f° (NEM | ayn 7) {Sus A fale) bdr. (0.48) 


2 
0 I 


*§.2.3. Nuclear Attraction Integrals 

In the energy expression (5.12), there are nuclear attraction integrals 
of the form (u|1/r;,|¥v), where, in the general case, there are three 
nuclei g, h and p involved. Such an atomic integral is called a three-centre 
integral. In the special case p=g, it is reduced to a two-centre integral, 
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which may be evaluated in the same way as the overlap integral (6.36) 
with the only difference that f,,,(7) should be replaced by /,,(7)/r- 

In the general case gAhAp (Léwdin 1948 a), we will expand the 
functions ®, and 1/r,, in spherical harmonics about the centre g by 
using (6.3) and (2.33) respectively. Introducing the notation 


+1 
AyM=[ PM(wPMwPu)du, —. (6.45) 
ee 
we obtain 


1 @,*(1)B,(1 
(ie ee 


2 


41=0j=M 


x foam a,(NEM | aig, r) f(r! dr 


“0 


om 19, a ae (cos Oy gn) 


Hyg! | (NEM | days ful?) (ortdr Maes (1/5) 
“pg 


The quantities 4,, “4 occur in the theory of the expansion of products of 
two spherical harmonics in a series of spherical harmonics. The general 
case has been treated by Wigner (1931), and formulae for special cases 
have been worked out by several authors (see, e.g. Bethe 1929, Coolidge 
1932, Schweinler 1954). 


*6.2.4. Electronic Repulsion Integrals 


The most general electronic repulsion integral in the energy expression 
(5.12) is a four-centre integral of the form (ux | 1/ry.| vA), which may 
degenerate into a three-centre, two-centre, or one-centre integral, if two 
or more nuclei coincide. This integral may be written 


1 2,,,(0 1) Q(t 

(1 | — | yA)= pA dvs, eae (6.47) 
M12 : M12 

where the density functions are given as products of two atomic wave 

functions : 


2, (1) =D,F(1)D,(1) 5 92x 4(2)= D,*(2)H,(2). 


The integral (6.47) may therefore be evaluated by the general formula (2.35) 
and the main problem is then the expansion of the density functions Q,,, 
and. £2,, in spherical harmonics associated with the origin which has been 
chosen. In principle, this problem may be solved by expanding each 
atomic wave function in spherical harmonics about the centre under 
consideration, forming the product of two such expansions, and expanding 
the result in a new series of spherical harmonics by means of (6.45) and 
similar relations. In practice, however, considerable simplifications are 
often possible by observing the special forms of 2, which occur when the 
nuclei coincide. 
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As an example of the use of the basic formula (2.35), we will give the 
application to the four-centre integral associated with four s-functions 
(Lundqvist and Léwdin 1951). Denoting the four nuclei by a, b, c, d, and 
the four s-functions associated with them by I, II, III, IV, respectively, 
and introducing the coordinates as shown in fig. 10, we obtain 


Fig. 10 


Notation for the four nuclei in an atomic four-centre integral. 


Bupa eae Behm)! i—m)! 
sae 0) OY Se oe 
(« alral? ‘) pel Oa Ea ae w 


X P,™ (C08 A450)” (COS Bago) COS Moby 
I 


ol ‘ t 
{ VAC AGE | ry), ary 
0 
Dh IV Bee 
X Xr” (Ge | 1 9)%1(Taa | Po)" 9 ripe diy 


oo IIL IV ee 
+| Say ae | 1 3)%1(Taa | ry)ry tt ary 


0 
m1 1a 
x | alra)ealtay[7a)rah "4dr Flee a hae 0548) 
/0 
here TI +1 III 
on(rag | P2)= — ge Ara irae | 2) noe ee (6:49) 
) 


In order to test the convergence of the expansions of this type, we will 
consider the simple ‘exchange integral’, where the nuclei coincide so 
that b=c, d=a.- 

Priiiie 1h {iLL = i 
—— Cd j= 2) 
(« lel fo aco QEEIP 
nIV IE 


i ol II We ‘ 
*« J Fal? )%n (Tae | ry)ry? dry ja") Hal ae | Pe)fg tt ds 
0 


conve) TLE 


tT, I II 
+] faltden(Tac |rarr” ar,| Fal )%n("ac |%2)P2"** irs} 
0 0 
(6.50) 
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Let us choose I=IV and II=III, in which case the two terms in (6.50) 
will give equal contributions, and further 


L(rj=ret) f(R=Re ee eee 


where we note that the functions are unnormalized. The contributions 
from the different terms in (6.50) are given in table 7 for r,,=1-5 and y7=1 
and 7—0-272528. In both cases the convergence is fair, and three terms 
in the series (6.50) give an accuracy of at least three figures. The data are 
taken from a recent investigation of the hydrogen molecule (Shull and 
Léwdin, to be published). The results in fig. 8 and table 6 show that, 
in general, one can also expect a rather good convergence for the «-function 
method as a whole. 


Table 7. Exchange Integral (ae | ac) 


Convergence of the series (6-50) having the terms ¢, for the unnor- 
malized exponential functions (6-51). 7ge=1-5 atomic units 


o 
ad | n=0-272528 

h tp x 10? th, 
0 1-685044 0-2668006 
1 0-151130 0-0304783 
2 0:016238 0-0033215 
Y 3 0-002261 0-0004160 
4 0-000411 0-0000653 
5 0-000095 0-0000132 
6 0-000028 0-0000032 
7 0-000011 0-0000010 
8 0-000005 0-0000004. 
9 0-000002 0-0000002 
10 -0-0000001 
Sum == 1-855225 0-3010998 


It should be emphasized that, until now, only a few many-centre integrals 
have really been numerically evaluated in the literature, but work on 
this problem is in progress in several research groups. So far, most of the 
efforts have been concentrated on the atomic two-centre integrals for Slater 
exponentials, and, in this case, one has usually used a technique based on 
elliptic coordinates and the Neumann-expansion for 1/7,5._ Extensive tables 
have been prepared by the Japanese group under Kotani and by the 
Chicago group under Mulliken, and, for a survey of the literature within 
this special field, we will refer to Dalgarno (1954), where a list of the tables 
available may be found. 

In conclusion, we observe that, in treating a large number of electronic 
repulsion integrals, the matrix notation (j« | 1/ry,| vA) becomes rather 
clumsy and that it is then more convenient to use the abbreviated symbol 
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(uv | «A), where the two densities involved are stressed instead ; it is then 
also easier to use the symmetry relations 2,,,=2,,, which sah for real 
functions. 

6.3. Simplification of the Energy Formula 


The expression (5.12) for the total energy of a solid-state system has 
a very simple mathematical form and, in §§ 6.1 and 6.2, we have shown 
that, in principle, it is possible to evaluate all quantities involved. This 
does not mean, however, that it is easy to calculate the total energy in 
this way ; in fact, most of the atomic two-, three- and four-centre integrals 
are very hard and tedious to compute. In a solid-state system, there is 
a further two-fold difficulty : the number of terms in (5.12) is enormous ; 
and, even if the numerical value of all the integrals occurring were known, 
it would be almost impossible in practice to get the energy just by summing 
‘term by term’. 

In order to try to solve this problem, which is characteristic of all the 
methods based on atomic orbitals, we will describe another approach 
(L6wdin 1954 a), which is based on the idea that the atomic integrals 
in (5.12) should be expressed such a way that the summations in the 
energy expression can be conveniently factorized and sometimes carried 
out analytically in a closed form. In this way, it is possible to obtain a 
new energy expression containing essentially a sum of certain basic two- 
centre integrals, multiplied by matrix elements describing the overlapping, 
the bonding, and the ‘ asymmetry ’ of the atomic orbitals involved. 

For this purpose, we only need a slight modification of the technique 
developed previously for expanding wave functions about one centre in 
spherical harmonics about another centre. This is obtained by expanding 
also the resulting «-functions in terms of a conveniently chosen radial 
set of, e.g. Laguerre-like functions, and it means that we are going to 
expand the wave functions under consideration in terms of a complete 
set of AO’s associated with the same centre. Let us consider a given AO 
P,, belonging to a specific nucleus g,, and let us then extend the set of given 
AO’ s associated with this nucleus to an infinite complete orthonormal set 
(®,,) of AO’s of the type just mentioned. 

By expanding the given AO’s ®, and @, in terms of the complete systems 
(@,,) and (®,) constructed sapere the nuclei g, and g, respectively, we 
obtain 

DLO A Oj 20 a (8.52) 
wu K’ 
where the coefficients are just the ordinary overlap integrals (Riidenberg 
1951). In comparison with the «-function expansions (6.3), the relations 
(6.52) have the advantage of containing only quantities which are already 
familiar to us. Substituting (6.52) into the matrix elements (5.13) gives 
the formulae 


(4 | A, |y)=2(e | | H')4 
be 
(ue | Hy] vA)= 2 (ute | Are [we \A Aya. r= .8 (6,03) 
WK 


P.M, SUPPL.—JANUARY 1956 I 
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These are in a form that will allow us to simplify the summations in (5.12). 
Introducing the new rectangular matrix @ 


QZ Ay R gh, Sade pe ee 


woo 


we obtain for the energy expression 
Eyp=H y+ 2 Quy | Hy, | 12’) 
Bye 
2 a (Quire — Yuri) (ME | Hy | pk’), : 2 d * (6.55) 


BKK’ 

where we observe that the spin is still included. The last term in (6.55) 
is a four-fold sum as before, but the matrix elements of the AO’s are now 
reduced to one- and two-centre ‘Coulomb’ integrals only. One could 
perhaps get the impression from (6.55) that the energy is a sum of two- 
centre contributions only, but this is not true; the summation over « 
in (6.54) implies that there is a great deal of many-centre character in 
(6.55) too, which is sometimes of direct physical importance. 

Expression (6.55) is really useful for computing the energy, only if the 
higher overlap and Coulomb integrals occurring have been tabulated in 
advance in the literature. For practical applications, we have therefore 
also developed a modified form, which involves only the ‘ given’ AO’s. 
Let us start from (6.52), and let us investigate the real density 6,®, by 
using the complete systems (®,,) and (@,,) and the expansions 


®, Ree ARs > D,=29, Ay, . . . . (6.56) 
Introducing two arbitrary multipliers 4, and A, satisfying the condition 
A, +A,=1, we obtain 


P,P,=A,XO,®,, Ay, AXP, O,A,,, ee teat (Oa 
wu my 


which relation is still exact. It is a'remarkable fact that, if.’ and v’ are 
summed over all orbitals « and v belonging to the same and lower principal 
quantum numbers than , and v respectively, this form of the charge 
density gives a very good approximation to the electronic repulsion 
integrals. It is easily checked that, even in this approximate form, the 
right-hand member of (6.57) has the correct total charge [®,9, dx eG 
and the best values of the two multipliers A, and A, may further be chosen 
so that the total electric dipole-moment along the line w—v is given 
correctly. Since even the restricted summation over ~ and y runs over 
complete /-groups (m=0, 1’, 1,...U,U’’), we know from Unsold’s theorem 
that the approximate summation is independent of the particular choice 
of the axes of quantization. If further the two nuclei associated with ® 
and ®, happen to coincide, the approximate form becomes exact, and this 
is essential for the subtraction procedure used in calculating the cohesive 
energy. Introducing the notations 

\,4,,=4M, Ap 5 hei k fn (6S) 


My? oo ee 2. AP 
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we may write the approximate form of (6.57) in the following way : 


[uJ 


: al 8 
EL ids 2 M ,,"P,B,+4 2 M,,’®;®,, eeu (GU, 09) 


IBY: 
i 


where the symbol [] temporarily indicates the set of all the AO’s on the 
nucleus g, having the same and lower principal quantum number than 
the given orbital. @,,. 


By using (6.59) we obtain for the electronic repulsion integral 
(ju | Hye | vr) = (qe | ed) 


=t2 MM g\(up |x) +h 2 MFM (pp | dA) 
aS “A 
+42 M,,"M Fv | ee) +42 M7 Mov | AA)... (6.60) 
is vA 


This is a generalization of some previous formulae (Sklar 1939, Mulliken 
1949, Riidenberg 1951, Lowdin 1953), and we note in particular that (6.60) 
is independent of the choice of the axes of quantization. A test of (6.60) 
on hydrogen-like wave functions has shown a surprisingly high relative 
accuracy (95-100%) for the large integrals and a correspondingly high 
absolute accuracy for the small integrals (L6wdin 1954 b); even the 
integrals with vanishing total charge 4,,—0 are fairly well reproduced. 
Tests applied to a few three-centre integrals available have also given 
excellent results (see, e.g. Kaplan and Callen 1954, Lundqvist 1954). 

In order to treat the total energy (5.12), let us now introduce the new 
square matrices 


Une =2M Ruy Ves= 2 MyPRigMy,? . ~ (6.61) 
o oB 


Substituting (6.60) into the four-fold sum for the electronic repulsion 
energy in (5.12) and using (6.61) we obtain 


Eyyp=H y+ aR, Ay | H, | v) 
py ee 
re a OV ix—3(U RU ¢ + V ht,.,,)} (we | Ay, | px), . (6.62) 


Ku 


HEKK 
where the last term contains only the simplest two-centre ‘ Coulomb ’ 
integrals. Part of the second term in (6,62) may be treated analogously, 
but we note that the kinetic energy is a sum of two-centre integrals which 
should be evaluated separately according to (6.44). In treating the 
nuclear attraction integrals, eqn. (6.59) leads to the approximate formula 


a fie! oe 
(1 : 1 AEM, v) 12M, 3 (5 ’). . (6.63) 
ie v 


Lip 
which is fairly accurate, as long as the nucleus p does not coincide with 
either of the nuclei g, and g,. In the latter case, the three-centre integral 
(6.63) degenerates into a two-centre integral, which may be evaluated 
exactly in the same way as an overlap integral. Denoting the error in 
the right-hand member of (6.63) by «,,, and using (6.61) and (6.63), we 


obtain ; q 
ER, (4 mat v)= Pa Uni p+ Dy Siege (6.64) 
uy 1p 777) uy 
12 


a 


1p 1p 


ry p 
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where we get important contributions to the last term only when p or v 


belongs to the nucleus p. 
If the orbitals . and v in (6.59) are similar, we have 4;=A,= 3 and 


M,j'=4;,,  M,,"=45y : wp Peete LOC) 
which lead to considerable simplifications. As an example, we will consider 
the case of an ionic crystal treated under the simplifying assumption (5.19), 
which gives R=A~-}. If the positive and negative ions are of about the 
same size, relation (6.65) is a reasonable approximation and, according 


to (6.61), we obtain ape (6.66) 
Formulae (6.62) and (6.64) then show that the total energy is a sum of 
two-centre contributions only, which is important in treating the elastic 
properties (cf. Lundqvist 1952). However, in treating ionic crystals with 
a small positive ion and a large negative one, we observe that there is a 
considerable ‘ asymmetry ’, which corresponds to highly different values 
of the multipliers 4, and A, in (6.58) and the simple reduction to (6.66) is 
then no longer possible. 

In conclusion, it should be remarked that our final energy formula 
based on (6.62) and (6.64) contains essentially overlap and simple 
‘ Coulomb ’ integrals, and it shows therefore a close resemblance to some 
results recently obtained by Parr (1952) by using a very much over- 
simplified model, where each atom is replaced by a ‘ rigid sphere’. This 
model has, however, been quite successful in explaining the energy 
properties of the mobile electrons of conjugated systems (Pariser and 
Parr 1953), and it is now usually justified by a method of ‘ zero-differential 
overlap ’ (L6wdin 1955 d), which is closely related to the deduction given 
here. 

The use of formulae (6.62) and (6.63) in calculating the total energy of 
a solid-state system simplifies the numerical work involved considerably. 
The weak point of the theory is that, even if we can expect the accuracy 
of (6.60) to be at least fair, we do not understand why its accuracy is so 
surprisingly high. The ‘symmetrization’ of the two terms in (6.59) 
obtained by using the multipliers A, and A, is certainly of basic importance 
here, and the good results can be made rather plausible by studying the 
mutual influence of the two expansions in (6.57) by means of the accuracy 
criteria given in $6.1.4. So far, however, a really critical investigation 
of (6.60) and the related Sklar-Mulliken formulae has not been given. 

The simplified method for treating solid-state systems described in this 
section is quite useful in practice. The method has been applied in an 
investigation of the LiH crystal (Lundqvist 1954), and further work on 
ionic crystals and alkali metals is in progress. 


§ 7. CoHESIVE PROPERTIES OF Lontic CRYSTALS 
The classical theory of ionic crystals was founded by Madelung (1909) 
and by Born (1915) on the fundamental assumption that the essential 
constituents of an ionic crystal are the positively and negatively charged 
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ions situated at points forming a regular crystal lattice in space. The 
system of ions was assumed to be in equilibrium under the influence of 
two types of forces: an attractive force, depending on the electrostatic 
interaction between the ions, and a repulsive force of a more complicated 
nature. The potential of this repulsive force was assumed (Born and 
Landé 1918) to have the form b/r”, where b and n are two constants which 
may be determined from two empirical data. 

The nature of the repulsive force was an unsolved problem, until modern 
quantum mechanics provided a new tool for its solution. By investigating 
the interaction between two ions having complete electron shells, it was 
found (Unsold 1927, Briick 1928, Pauling 1928, Born and Mayer 1932) 
that the potential for the repulsive force was of an exponential type 
b exp (—7/p) rather than of the inverse-power form ; in this connection 
a small term —,/r* corresponding to the van der Waals attraction was 
also added. Since the constants b and p had to be determined from two 
empirical data, Born and Mayer’s theory still had a semi-empirical 
character. It has been successfully applied to a series of problems 
concerning the ionic crystals (Mayer and Helmholz 1932, Mayer and 
Maltbie 1932, Wasastjerna 1932, Mayer 1933, Huggins and Mayer 1933, 
Mayer and Levy 1933, Evjen 1934, Bleick 1934, Wasastjerna 1935, 
Gronblom 1935, Huggins 1937, May 1937, Wasastjerna 1938, and others). 

The first purely theoretical investigation of an ionic crystal without 
introducing any empirical constants was carried out by Hylleraas (1930) 
on LiH, where he essentially applied the Heitler-London scheme to a 
solid-state problem. Hylleraas also treated the atomic overlap integrals, 
which he considered as small quantities and included to the first order, 
but he did not realize that they were key quantities in the problem. This 
question will be discussed further in § 7.1.4. 

The next step was taken by Landshoff (1936) in investigating the NaCl 
crystal, where he modified the Heitler-London scheme by introducing 
atomic Hartree-Fock and Hartree functions as basic orbitals. Landshoff 
further proposed a symmetric orthonormalization of these orbitals and, 
even if his formulae were approximate and slightly inconsistent, they 
have been of great importance in the development of the theory. 
According to modern standards, his numerical methods were comparatively 
crude, but they undoubtedly showed that it is possible to carry out 
computations of this elaborate type in practice ; his theoretical values of 
the cohesive energy, lattice parameter, and compressibility are in tolerably 
good agreement with experience (Landshoff 1936; cf. also Seitz 1940, 
p. 389). 

In order to investigate the ‘deformation’ of the ions in the crystal, 
Landshoff also tried to carry through a second-order perturbation treat- 
ment of the Heitler-London scheme, but the calculations gave almost 
absurd results. This seems to indicate that, for ionic crystals, the 
Heitler-London scheme is good in the first approximation, but that it 
does not lend itself to improvement. Our discussion in § 2.1.2 shows also 
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that, in a crystal in equilibrium, it is physically impossible to separate the 
electronic clouds belonging to the different constituents in a unique way. 
Even if the Heitler-London theory is extremely simple formally also for 
an ionic crystal, it does not take full advantage of the simplifications 
which are possible due to the crystal symmetry. We will now show that 
the band theory, where the total wave function is built up of crystal orbitals 
having the correct symmetry properties, provides instead the natural tool 
for carrying out at least the Hartree-Fock calculation in an exact and 
straightforward way. 


7.1. Calculation of the Energy of some Alkali Halides 
7.1.1. Band Theory of an Ionic Crystal 


From the very beginning, we will base our treatment here on the band 
theory of crystals, as it has been developed in the previous sections. 
Considering the singlet ground state of an ionic crystal, we will assume 
that, in the Hartree-Fock approximation, the total wave function is 
represented by a Slater determinant (2.47) of crystal orbitals : 


Y=(N !)-1/? det {up (ko, x,)} ete ee 


where all the bands 7 are entirely filled. According to § 5.1.1 the basic 
Hartree-Fock functions may be found by solving (2.61) by expanding the 
solutions in a complete symmetry set, which may consist of LCAO Bloch- 
functions 


(@) 
p (Ko, r)=G-3? Y d,(r—m) exp [27im . ko], eel eee 


or of orthogonalized plane waves, etc. Thus in principle, the Hartree-Fock 
functions for an ionic crystal may be found with any accuracy desired. 

If the atomic ion-core orbitals are given as atomic Hartree-Fock 
functions, the excited orbitals may still be chosen as e.g. hydrogen-like 
orbitals, provided that the final symmetry functions are properly ortho- 
normalized according to § 3.2.3. Another possibility is to complete 
the ion-core Bloch functions with a set of orthogonalized plane waves. 
In both cases, the basic functions are no longer eigenfunctions of any 
simple ‘ unperturbed’ Hamiltonian, and the conventional perturbation 
theory thus breaks down, but we note that the general method of § 2.2.3.2 
is still valid and that the secular eqn. (2.79) may be solved by ‘ perturbation 
expansions ’ (LOwdin 1951 ¢). 

The physical situation of the ground state is completely determined in 
the Hartree-Fock approximation by the basic invariant p(x,, x,), defined 
by (2.49) or (5.9). The cohesive energy is then given by (2.123) or (2.125), 
and we observe further that, since all orbitals in both the crystals and the 
free constituents are doubly filled, there is a tendency for the large 
correlation errors to cancel each other in the subtraction procedure. 
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Let us now introduce the simplifying assumption (5.19), which means 
that the actual Hartree-Fock functions will be BE Sea to by the 
LCAO Bloch-functions (7.2). According to (5.5) and (5.28), we obtain 


p=oU=PbA-2Y, 9. 73) 


and, since all energy bands under consideration are completely filled, the 
transformation matrix A~'?U is quadratic here. By using the laws for 
matrix and determinant multiplication, we get for (7.1) 


Y—=(N !)-/? det {©,(m, x)} [det {4,,(m, n)}]-1 = (7A) 


which shows that, provided (5.19) is fulfilled, the band theory gives a 

wave function which is the same as that of the Heitler-London method, 

except for the normalization factor [det {4}]-/, where det {4} is 

strongly divergent (Slater 1930). This explains the success of the 

- Heitler—London approach in the first approximation. 
The physical situation of the ground state of the ionic crystal is 

completely determined by the density matrix e, which, according to (5.9), | 
(5.20) and (5.21), takes the simple form 


P(Ky,X_)=2 2’ O*(m,x,)O,(n, xy) 4,;-*(n, m)=2@,*(x,)P,(x) 4 a (7.5) 
ijmn py 
Here A~! is the inverse of the total overlap matrix A for all the ion-core 
orbitals, which may be evaluated by the methods developed in § 5.1.3. 
In order to evaluate the cohesive energy, we will apply the results of 
§ 5.1.5. The density matrix p, for the free constituent g is given by (5.50) 
and the difference by (5.51) or 


all 7 
Apg(X1, X)=— ad D,*(X1) P(X) P yy, © 2 3 (7.6) 
[XD 
where 
P—|—A~!=S—S?-++S3—+..., eee aii) 


if the series on the right is convergent. According to (2.126), the cohesive 
energy may then be written in the form 


Te con— Wettat +L exch 1 L 8 


i ee: (al 2, 
FE stat 2 Fs ae —eS'L, | Pa aay + porn [ Je ak Oe ag: dite: 
gh "gh gh Vig T19 
Ly con se2d"[ pills oe Le dine. 
gh 2 
Ap,(1, 1A Ap (1, 2)Ap,(2, 1 
ees! (aes \) 5 | a" | pal, 1) Ap, (2, 2)—Ap (1, 2)4p,(2, 1) 
gh Pig gh - Pie 
Ap(1, 1)Ap(2, 2)—A sa Alia) Calg 
x dx, dX, al pl Waele 5 pul 2) 2p dz, da, 
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According to (5.54), the last term will vanish identically if, following 
Landshoff, we choose the basic AO’s as the atomic Hartree—Fock functions 
of the constituents. 

Expression (7.8) is identical with a formula previously given by us 
(Léwdin 1947, 1948a); a very condensed derivation using the density 
matrix formalism has also been given by Montet, Keller and Mayer (1952). 
It should be observed that the notations ‘ elstat’ and ‘exch’ on the 
first two terms refer to their mathematical form, and that one should be 
careful about physical interpretations ; see also § 2.3.3. The last term, 
which will here be called , or the S-energy, contains all energy contribu- 
tions which in any form depend on the atomic overlap integrals S,,, and 
it will disappear in the limit S,,,>0. We will show that, instead of being 
negligible, the S-energy is of essential importance for the whole theory, 
since all the repulsive forces between the ions arise from the overlapping. 

It could be remarked that formula (2.123) gives a more condensed 
expression for the cohesive energy than’ (2.125), and that the former has 
also a more obvious physical significance. This is certainly true, but the 
latter form has been chosen in order to permit an easier comparison with 
Landshoff (1936) and with our previous work. 


7.1.2. Alkali Chlorides and Fluorides 

In his pioneering work on NaCl, Landshoff pointed out that the main 
difficulty in using atomic Hartree-Fock functions on solid-state problems 
arises from the fact that these functions are not usually known analytically, 
but are given only numerically in the form of a table. Today most of the 
atomic Hartree—Fock functions available have been transformed also to 
analytical form, but unfortunately this has not simplified to any large 
extent the computations involved in a crystal problem. In fact, in most 
cases it is probably easier to start directly from the tables for the radial 
parts of the atomic wave functions and to carry through the whole work 
by straightforward numerical integration. This partly depends on the 
fact that there does not seem to exist any really simple analytic expression 
for the atomic Hartree-Fock functions. We have tried a series of different 
types (Lowdin 1953 ¢, 1954 d), and we have finally found that the following 
form is probably the simplest one : 


Sie) cs EO a fine 7 . : 
Sri =rt (ro —1)(ro'—1r) ... XA, exp (—a,7). si hte 
k 
Here ry’, 79’, .. . are the different nodes of the radial function. In order 


to get a perfect fit for the function f, (7), there are usually (n+-1) exponential 
terms needed in the sum over k; this number may be reduced but the 
accuracy will then be somewhat lower. This means that the number of 
exponentials involved is practically always too large to permit the 
analytical calculations to be carried out in a simple way. 

In treating a crystal problem by means of an LCAO-method based on 
atomic Hartree-Fock functions, we have found that the most practical 
way is probably to carry out the computations by (1) using the tables for 
the given radial functions ; (2) evaluating the «-functions numerically in 


Quantum Theory of Cohesive Properties of Solids 119 


both regions r<a and r >a; (3) calculating the atomic integrals by 
numerical integrations over the radial parts, and the analytical form (7.9) 
is then not required at all. Of course, the analytical function may be 
valuable for checking purposes, particularly now when Barnett and 
Coulson’s tables for the ¢-functions of exponentials are available. Overlap 
integrals between exponentials are also conveniently evaluated analytically 
by means of elliptical coordinates, but otherwise the electronic repulsion 
integrals between functions (7.9) containing several exponentials are often 
arealmess. Hxcept for the fact that quite a few people are more accustomed 
to analytical than numerical work, the more straightforward numerical 
integrations seem to have all the definite advantages. 


Fig. 11 


The radial factors f,,x(7) of the atomic Hartree-Fock functions for Cl- and Nat 
in the NaCl crystal; a=5-20 Ly. 


We will now report briefly the numerical results of an investigation of 
some alkali halides (L6wdin 1947, 1948 a). Most of this work was carried 
out before the general theory, described in this paper, was developed, and 
the calculations have therefore been performed only to a rather low degree 
of approximation. For the crystals under consideration, the overlap 
integrals are fairly small quantities—see table 8—and we have therefore 
used expansion (7.7) and neglected all quantities in the cohesive energy (7.8) 
of order S? or higher; in this connection a density P,P, (uv) in an 
atomic integral has been considered as giving a contribution of order S,,. 
In this S2-approwimation, we have further treated only the short-range 
interaction between nearest neighbours. 

The chlorides have been investigated by using the self-consistent-field 
functions with exchange for Cl- given by Hartree and Hartree (1936). 
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For the positive ions, we have used the corresponding fields (Lit: Fock 
and Petrashen 1935; Na+: Fock and Petrashen 1934; K+: Hartree 
and Hartree 1938). The fluorides were originally treated by using the 
functions for F~ tabulated by Hartree (1935). The actual calculations 
were carried out by a mixture of analytical and numerical work ; following 
Landshoff, the wave functions of the negative ions were expanded in 
spherical harmonies at the nucleus of the positive ion with the «-functions 
expressed as power series in in the range r<a. A better and more reliable 
approach would have been obtained by following the recommendations 
given at the beginning of this section, treating the «-functions numerically 
in both regions r<a and r>a. 

As an example, the overlap integrals for LiCl and NaCl have been given 
in table 8 as functions of the distance a between nearest neighbours ; 


Table 8. Overlap Integrals for NaCl and LiCl between the Cl- (3p) and 
Cl- (3s) Orbitals and all the Orbitals of the Positive ions 


a—distance between the ions in atomic units (laq=0-52919 x 10-5 em) 


NaCl 


S(3p0] 180) S(3p0| 280) S(3p0| 2p0) S(3p1| 2p1) 


4-5 0-008" 163 —0-130 612 0-061 844 —0-018 971 


5 0-005 520 —0-064 233 0-044 147 —0-011 857 
5:5 0-003 778 —0:-044 597 0-029 921 —0-007 472 
6 0-002 612 —0-031 012 0-020 538 —0-004 773 
6: 0-001 819 —0-021 677 0-013 285 —0-003 085 


S(3s0| 180) | S(3s80] 280) | S(3s0] 2p0) S(3p0| 180) | S(3s0] 190) 


4:5 | 0-001 678 | —0-027 415 | 0-018 538 4:5 | 0-069 166 | 0-017 933 
5 0-000 922 | —0-014 658 | 0-015 177 5 0-047 415 | 0-009 996 
5-5 | 0-000 510 | —0-008 091 | 0-010 018 5:5 | 0-032 663 | 0-005 550 
6 0-000 281 | —0-004 631 | 0-005 133 6 0-022 652 | 0-003 087 
6-5 | 0-000 154 | —0-002 647 | 0-002 737 6-5 | 0-015 803 | 0-001 721 


they have all a characteristic exponential behaviour. The two tables 9 
show how the different energy terms in (7.8) contribute to the cohesive 
ae ie eee is ee divided ah the Madelung energy eh a 
5 pending on the extension of the ions, according 
to (2.27). In contrast to Born and Mayer’s semi-empirical theory, the 
‘repulsive potential ’ is here the algebraic sum of three terms, which are 
comparatively large, and it is therefore satisfying that these terms cancel 
properly and give rise to a comparatively small sum. The final results 
for the lattice parameter, the cohesive energy, and the compressibility B 
are condensed in table 10. k 


Table 9 (a). 
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Survey of the Various Energy Contributions (in kcal/mol) 


for LiCl, NaCl and KCl in the state of equilibrium 


1 Madelung | Coulomb | Exchange Cohesive | Exper 
Crystal © é 5 S-enere SONI tal 
eae ie oh We Peach hema, Ps menta 
energy |correction| energy energy iad 
LiCl —216-2 +5:8 —12-7 +35-4 187 ==198-1 
NaCl —210-7 A'S —34-4 =-69-7 —183-2 —182:8 
KCI —188-0 —18-3 —53-7 +93-1 — 166-9 —164-4 
Table 9 (b). NaCl. Survey of the Variation of the Energy Contributions 


(in keal/mol) as Functions of the Distance a (in atomic units) 
between Nearest Neighbours 


Madelung Coulomb | Exchange : Cohesive 

a ee: S-energy : 
energy correction energy . energy 
5-0 —219-2 —11-2 —47-9 +96-0 —182-3 
5-1 —214-9 — 93 —40-5 +81-6 —183:-1 
5-2 —210-7 — 7:8 —34-4 +69-7 —183-2 
5:3 —206-7 — 66 —29-4 +59-8 —182-9 
5:4 —202-9 — 5:7 —25-4 +51:7 —182:3 

Table 10. Theoretical Values of the Lattice Parameter (in Angstroms), 


Cohesive Energy (in kcal/mol) 


and Compressibility 


(in 


10-2 em?/dyne) for some Alkali Halides in Comparison to 


Experience 
Lattice Cohesive 
eset parameter energy p 
NaCl Theor. 5-50 —183-2 4-6 
Emp. 5:58 —182-8 3:3 
563+ 4-263++ 
LiCl Theor. 5:37 —187-7 4-2 
Emp. —198-1 2-7 
5-14+ 3414+ 
KCl Theor. 6-17 —166-9 6-0 
Emp. 6-23 —164-4 4:8 
6-28+ 5:63** 
LiF Theor. 4-79 —199-5 4-0 
Emp. 14 
4-02+ 1-53++ 
Nak Theor. 4-58 | —205-1 3-7 
Emp. 4-60 
4-62+ 2:11++ 


[oper erent Sere 
+at291°x. ++ at303°K. Quantities without asterisks refer to absolute zero. 
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The results for the three chlorides are in tolerably good agreement with 
experience, but for the fluorides there are considerable deviations indicating 
that the repulsive potentials are probably too large. In treating the 
functions of the F--ion (Hartree 1935), the present author had overlooked 
the fact that these functions are apparently calculated without exchange, 
and, as in Landshoff’s original work on NaCl, our investigation of the 
fluorides was therefore based on the ‘ Hartree-functions ’ only for the 
negative ion. This implies that (5.52) gives rise to a certain correction 
term, neglected also by Landshoff, which is, however, not large enough to 
account for the discrepancies occurring for the fluorides. In the mean- 
time, the F--functions with exchange have been calculated (L6wdin and 
Appel, to be published) and now the F--ion appears to be more concen- 
trated in its extension, which leads to a considerably lower repulsive 
potential with respect to the positive ions. The new calculations give 
much better results for the fluorides, and in table 11 we have given the 
preliminary results for LiF. A comparison between tables 10 and 11 
shows that the improvement is considerable, and one could perhaps take 


Table 11. LiF Crystal 


The lattice parameter 2a, in A, the cohesive energy Ho, in kcal/mol, and the 
compressibility 8 in 10-1? cm?/dyne according to different authors 


Authors Treatment 


of F--ion 2a Boon , 
Benson and Wyllie (1) 4-02 243 1-7 
Yamashita (2) 4-00 —239 1-96 
Lowdin (3) 4-2 —222 1:3 
Experimental 4-00 —240+ 1-4 


.* Data taken from semi-empirical estimations. (1) Fitted to diamagnetic 
susceptibility. (2) Analytical variation. (3) SCF-functions with exchange. 


this result as an indication that it is of essential importance to work with 
the atomic Hartree—Vock functions, if those are available. However, we 
observe that the total wave function (7.1) is here constructed by band 
theory and that the atomic orbitals are merely auxiliary quantities for 
forming the Bloch functions. The problem of the ‘ best set’ of basic 
AO’s therefore needs further investigation. 

The calculations leading to the results reported in tables 8-10 have 
largely a preliminary character, and it would certainly be desirable to have 
them repeated with an exact evaluation of the matrix 4-1 and with 
inclusion of the interactions between neighbours of all orders. Work 
along this line is now also in progress. 

The Lik crystal has also been investigated by other authors. Benson 
and Wyllie (1951) started from Hartree’s function for F-, too, and found 
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that the discrepancies between theory and experiment must depend on the 
overdiffuseness of the 2p-orbital. By a drastic change of this function to 
fit Pauling’s plausible data for the diamagnetic susceptibility for F-, 
they could obtain values in much better agreement with experience ; see 
table 11. However, their procedure of neglecting the extension of the 
1s-orbital of Lit except in the orthogonality relations is entirely incon- 
sistent, since the extension of this orbital plays the same role in some 
nuclear attraction integrals and electronic repulsion integrals as in the 
overlap integral ; see (6.57). Thesame inconsistent approximation affects 
also an investigation of the surface energy of LiF (van der Hoff and Benson 
1954). It is true that the smallness of the Lit-ion may be used for 
simplifying the computations, and formulae (6.59) and (6.60) are valuable 
in this respect. 

In treating Lif, Yamashita (1952) introduced an analytical three- 
parameter function for the 2p-orbital of F~ and determined the parameters 
by means of the variation principle. He finds a contraction of the 
negative ion within the crystal, and his results are given in table 11. 
From his paper, it is not entirely clear how he has considered the term 
(5.52), which is not identically zero in this case. 

7.1.2.1. Connection with Born—Mayer’s Theory.—The quantum mech- 
anical calculations, which have just been reported, show that the 
‘repulsive potentials’ for the alkali halides under consideration may be 
expressed in the exponential form 


lee (@)— Const. ny ee 9. ox a s -(7.10) 


where the values of p close to the equilibrium distance a are givenintable 12. 


Table 12. p-Values in 10-§cm in the Repulsive Potential 
(7. 10) Calculated by Quantum Theory 


Crystal p 

NaCl 0-362 
LiCl 0-356 
KCl 0-349 
Lik* 0-421 
NaF 0-433 


* Calculation based on SCF-functions with exchange for F~ gives 
the modified value p=0-337 


For the chlorides, these numbers are not very far from the value 
p=0-345 x 10-8 cm which was found in Born—Mayer’s theory. It should 
be observed that the quantum-mechanical repulsive potentials are 
decreasing approximately as the value of |®,,(a) |? for the Cl--ion ; the 
corresponding p-value for a=5dg is in fact p=0-343 x 10-8 em, and the 
deviations depend essentially on the Coulomb correction. 
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For the fluorides, the values reported in table 12 are apparently too 
high, since they are based on the overdiffuse Hartree functions for F-. 
In the calculation on LiF, based on the SCF-functions with exchange we 
have now found instead the value p=0-337 x 10-8 em in good agreement 
with Born—Mayer’s semi-empirical theory ; the corresponding value for the 
function |®,,(a) |? for F~ is p=0-318x 10° em. 

To the computed values for the cohesive energy, we should add some 
correction terms for the zero-point vibrations of the nuclei (see § 2.1.1.1.) 
and for the van der Waals interaction, which together give about 
+2 keal/mol. The van der Waals interaction (see e.g., Margenau 1939) 
definitely belongs to the Heitler-London picture, and we still have to 
calculate the corresponding term in the band theory. The same is true 
for the polarization energy of the ions (Neugebauer and Gombas 1934). 

In this connection, it should be emphasized that, even if the quantum- 
mechanical ‘repulsive potential’ may be expressed by an exponential 
(7.10), there is an important difference in principle between the quantum 
theory of ionic crystals and Born—Mayer’s semi-empirical theory. This 
depends on the fact that the cohesive energy (7.8) also contains many-body 
potentials, i.e. energy terms which depend on the positions of three and 
more ions, and this implies that the constant coefficient for the exponential 
in (7.10) will depend on the particular crystal structure considered. 

7.1.2.2. The Many-Body Potential—As pointed out in § 2.1.1.1, the 
total and cohesive energies of the system under consideration are, in the 
Born—Oppenheimer approximation, calculated as functions of the nuclear 


positions 91, J, Js, ... aS parameters 
E=E (91, 92, 93 - + +) ee ee ea CN 
but this energy may usually be written as a sum of terms which depend 
only on the positions of two, three, four.... etc. nuclei. A potential of 
the form 
ZV ig (GEG) eS ee ee 


will here be called a two-body potential, a potential of the form 

ea Ven (Ves Yrs Im) da ae ian cae ry Mom (7.13) 
a three-body potential etc. If these potentials depend only on the inter- 
nuclear distances, they are said to be central-potentials, since the 
corresponding forces may be constructed from components along the lines 
joining the nuclei ; it should be noted that the strength of these compon- 
ents may depend on the positions of other nuclei than those at the ends of 
the central line. 

An analysis of the expression (7.8) shows that, for an ionic crystal, the 
cohesive energy is a many-body potential of central type, i.e., it is a many- 
body potential which depends only in the internuclear distances. The 
two-body term dominates, the three-body term is important, whereas the 
four-body and higher terms usually give a rather small contribution, 
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From the discussion in § 6.3, it may be inferred that the relative size of 
the positive and negative ions has a big influence on the magnitude of 
the many-body term, and, by using (6.66), it was shown that if the two 
ions tend to be of about the same size, the many-body potential will tend 
to vanish. It has previously been pointed out by Lundqvist (1952) that 
this theorem is valid in the S?-approximation, but, since the overlap 
integrals increase appreciably when the ions tend to get the same size, it 
is important to take full account of the overlap. 

The most important many-body term in (7.8) may be found by 
combining the first term in the S-energy with the ‘ classical’ part of the 
second term by using (2.25). In considering only the contributions from 
the point charges, this term takes the form 


Hgt=—od | Va Dede dre PTAA) 
g 
Z,—n 
where Te 4 yaa Le (7.15) 
A h#g "1h 


is the Madelung potential of the ionic lattice of point charges in the point 
r,. Using (7.6), we obtain 


x Zp 


hg Tih 


all g - 
Bgt=— 02 3( 1) (Ay By) Seek O,) 


“wey 


In the generai case, the first matrix element may be associated with the 
three nuclei g,, g,, h, and, in addition, 4~1,,, has a many-centre character. 
The two-body part, which comes from the terms where two of these nuclei 
coincide, is usually larger than the many-body part. The energy (7.16) 
may conveniently be evaluated by means of (6.65) with inclusion of the 
correction term. This formula shows also that, if the size of the two ions 
tends to be about the same so that (6.66) and (6.67) become valid, the many- 
body part of (7.16) will disappear, whereas the correction term in (6.65) 
may still give rise to a two-body contribution. 

For ionic crystals with small positive and large negative ions, the many- 
body part of (7.16) is of the order of magnitude 10-20 kcal/mol with 
negative sign, but this figure decreases rapidly as the ions approach the 
game size. This result is also easily obtained numerically by using the 
x-function technique previously described, but we note that, when the 
ions get about equal size, it is important to use the a-functions in. both 
regions r<a and r>a. A misleading result is easily obtained if the 
region r>a is omitted, which may be tempting if only the power series 
expansions of the «-functions for r<a are available, and, even if the situa- 
tion may be somewhat improved by moving the expansion centre 
(Lundqvist 1952), it is considerably safer to include also the region r>a, 
particularly since the «-functions are just as easily evaluated also in this. 


part. 
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7.1.3. Magnesium Oxide 

From the point of view of the Heitler-London model, ionic crystals like 
MgO are particularly interesting, since the free O-~-ion is not known 
experimentally. Yamashita and Kojima (1952) have tried to prove the 
existence of the O-- within the MgO crystal by a variational investigation 
of an analytic form for the 2p-orbital, as in the case of LiF, and their | 
values of the electronic affinity of the ions and the diamagnetic suscepti- 
bility of the MgO crystal seem to be in good agreement with experiment. 

It should be observed, however, that from the discussion in § 2.1.2, it 
follows that it is more or less meaningless to speak about the existence of a 
particular ion within a crystal, since it is impossible to assign the electronic 
charge cloud to the nuclei in a unique way. According to the band theory, 
there exists a band which could be given the symbol (O-~, 2p) and which is 
entirely filled, since the crystal is an insulator. The proper Hartree-Fock 
functions belonging to this band may be found by solving the Hartree— 
Fock equations (2.61), but, in a first rough approximation, one could try 
to approximate them by orthogonalized plane waves or by LCAO Bloch- 
functions formed from 2p-orbitals having long ‘ tails’. In our opinion, 
the results of Yamashita and Kojima are also best interpreted in this way. 
We note that, in an ‘ atomic description ’, the overlap between the 2p- 
orbitals of the O~ ions is enormous, which leads to a slow convergence 
in ordinary space. In this case, it may be particularly convenient to 
write the Bloch-function for O~ (2p) as the sum of an ‘ inner part ’ and a 
plane wave. 

In connection with the oxides, it may be mentioned that the super- 
exchange interaction in the MnO crystal has recently been studied by 
Yamashita (1954) by using the Heitler—-London picture including overlap. 


7.1.4. Lithium Hydride 


As pointed out in the introduction to §7, the LiH crystal was first 
investigated in the pioneering work of Hylleraas (1930) by using essentially 
the Heitler-London model. He considered the overlap integrals as small 
quantities, which were included to the first order only, and he obtained in 
this way theoretical values for the cohesive energy and the lattice para- 
meter in excellent agreement with experience. 

Re-examining the LiH problem by using the expansion (5.32), Lundqvist 
and Fréman (1950) found that this expansion possibly was divergent, and 
the formal proof follows simply from our condition (3.68) applied to the 
overlap between the H~-ions and the values of the overlap integrals given 
in table 13 (Lundqvist 1954). This means that Hylleraas’ excellent 
numerical result in reality corresponded to the first term in a highly 
divergent expansion. Of course, this fact does not diminish the essential 
value of Hylleraas’ investigation, which has been of great importance for 
the development of the whole theory of ionic crystals. However, it should 
be taken as a strong indication that, in modern solid-state theory, one can 
hardly consider an agreement between the theoretical results and 
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experience as a decisive proof of the correctness of a particular theoretical 
approach. This remark applies also to most of the results reported in this 
paper. 


Table 13. Overlap integrals for LiH (Lundqvist 1954) 


«=order of neighbourhood counted from a H--ion and N« =number of 
neighbours of order « 


K Nr Sk 
He tat H-—H- 

1 0-443 

2, 2-663 

3 0-088 

4 0-460 

5 0-070 

6 0-766 


Hylleraas and Lundqvist investigated LiH by using atomic orbitals for 
Lit and H~ which were approximated to by exponentials with the 
screening determined from the free ions. The main objection to this 
approach is that the free H--ion treated in this way does not come out 
stable (Seitz 1940), and a rather large error is then incurred in the 
subtraction procedure (2.116). Even the quantity (5.52) shows peculiari- 
ties, and, instead of being identically zero, it is of a comparatively large 
order of magnitude (20-40 kcal/mol) and varies rapidly as a function of the 
lattice parameter (Lundqvist 1954). 

In order to investigate whether the divergent S-expansion has an 
asymptotic character, Lundqvist has calculated the cohesive energy in the 
S?2-approximation in three different approximations (A, B, C), taking 
neighbours of a negative ion up to the first, second, and fourth order into” 
account. The complete expression has further been treated by means of 
our simplified form for the energy described in § 6.3, including neighbours 
up to the order six (D). Lundqvist’s results are given in table 14. A 
comparison between the four different approximations shows that the 


Table 14. LiH Crystal 


Cohesive energy (in kcal/mol) and lattice constant (in Angstroms) in various 
approximations according to Lundqvist (1954) 


A B C D Observed 
Cohesive energy —199-3 | —196-4 | —203-9 | —199-1 —217+7 
Lattice constant 4-50 4-34 4-16 4-10 4-085 


A, B, C indicate S?-approximation including repulsive interaction between 
neighbours up to the first, second and fourth order, respectively. D is 
based on the complete energy expression including interaction between 
neighbours up to the sixth order. 


P.M, SUPPL.— JANUARY IQ 56 K 
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S?-approximation using only nearest neighbours (A) gives practically the 
same energy as the complete expression (D), and that (B) and (C) show only 
small deviations. The deeper reason for this agreement has not yet been 
understood. 

In order to improve the value of the cohesive energy, Lundqvist has 
also varied the effective charge of the 1ls-orbital for H~, keeping the 
1s-orbital for Lit unchanged. In this way the effective nuclear charge of 
H- is increased from 0-6875 to 0:7208 corresponding to a small contraction 
of the negative ion within the crystal, and the final energy takes the value 
—204-6 kcal/mol. The improvement is therefore rather small, but it 
seems likely that a really better result can be obtained only by considering 
the correlation effects explicitly. 

In the case of LiH, the overlap between the H~-ions is so large that the 
Bloch function for (H~, 1s) may be conveniently expanded in plane waves. 
In this way some of the calculations involving interaction between 
neighbours of a rather high order in the ‘ atomic’ picture may also be 
greatly simplified. 

By using the ‘ cellular method ’, the band structure of LiH has been 
investigated by Ewing and Seitz (1936). Lundqvist has shown that, for 
the radial charge density of the Li cell, there is a rather close agreement 
between the results of the two methods. As pointed out in § 2.1.2, the 
problem of. the ‘ionic’ or ‘ covalent’ character of LiH has also been 
frequently discussed (Waller and Lundqvist 1953, Bijvoet and Lonsdale 
1953, Lundqvist 1954) with the result that the problem itself seems now 
to be without any real physical meaning. 


7.2. Elastic Constants and Failure of Cauchy Relations 
7.2.1. Theory of Elasticity for Finite Strain 


In investigating the elastic constants of the ionic crystals, there have 
been considerable discrepancies between theory and experimental 
experience. Since it has been suggested (Epstein 1946) that these devia- 
tions may depend on the infinitesimal character of the classical theory of 
elasticity, where the strains are considered as infinitesimal quantities, we 
will base our whole treatment here on a theory of elasticity in which the 
strains are considered as finite quantities. 

The theory of elasticity for finite strains has been developed by several 
authors (Murnaghan 1937, Brillouin 1938). Here we will give a simple 
derivation of the stress-strain law (L6wdin 1948 a), in which the physical 
aspects of the problem have been particularly emphasized. 

Let us consider an arbitrary crystal and introduce a system of orthogonal 
Cartesian coordinates. Let us further consider a cube of reference having 
its edges of unit length parallel to the axes of coordinates. In order to 
describe a homogeneous strain, we assume that this cube after an elastic 
deformation of the body becomes a general parallelepiped, the edges of 
which are the three vectors i,, i,, i3. In addition, we introduce the three 
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surface vectors s,, $y, s; representing the faces of this parallelepiped and 
given by 


where v is the volume of the parallelepiped. 

Physical quantities associated with the unstrained body will in general 
- be denoted by an extra index 0. Since the strain is homogeneous, an 
arbitrary position vector r and an arbitrary surface vector § in the 
strained body may be expressed in terms of the corresponding ‘ unstrained ’ 
quantities ry and Sp, respectively, by means of the formulae 


= 751 14+100 fo+1 Is» meee et Ae (cel) 
S537 $,+N 5 So+NS 5 S3 . . . . . . (7.19) 


The three terms on the right-hand side of (7.18) are the vector components 
of r in the directions of the edges of the parallelepiped. The three terms 
on the right-hand side of (7.19) are the vector components of $ in the 
directions of s,, S., s;, which means that, if we construct a tetrahedron 
@, having one face-normal S$ and the other three faces parallel to the 
faces of the reference parallelepiped, then the last three faces are repre- 
sented by these terms; see fig. 12. Using (7.17), we easily obtain the 
inverse relations 


l 
For Gh Se Su=s wr be sie 17-20) 


By means of the Cartesian coordinates of our fixed system, the nee sea 
(7.18) and (7.19) may now be written in the form 
3 
[eat PAG AAS tee 2 Soe: Sy he deed wend. (tae) 


showing that the quantities 7,, and s,, form tensors of the ara order. 
Now we will introduce the Lagrangian strain tensor x,, (k, [=1, 2, 3) by 
the definition 

Dae me sts Soe iy ANC Bay hg (1222) 


Putting | 7,,|=1-+6,, we get in particular 


Lep=Ou tee, Ly—t (1+6,)(14+-6,) cos @,, . . . . (7.28) 


where 6,, is the angle between the edges 7, and i, . The diagonal elements 
2,, are the tension components, whereas the non-diagonal elements 
X,,=%,, are the shear components. Me using (7.18), we get finally 


r= z Top tet te lo > |i a ick oy Yi lee een CR 2) 
 bl=1, k,l=1 
This relation gives in a simple form the change of the distance between two 
points as a function of the deformation. 
Let us now consider the stress tensor. Neglecting external body-forces, 
we will now assume that the reference parallelepiped is in equilibrium 
under the influence of three pairs of forces (P,;, —P,), (Pz, —P,) and 
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(P,, —P,), applied to the three pairs of faces of the parallelepiped ; see 
fig. 12. Each of the forces may formally be written in the form 
P= P's +P pe lat Piss) (7.25) 


Fig. 12 


\ Ss 
-So3 S3 
P : =— i 


Deformation of the reference cube in the case of a homogeneous strain. 


where the three terms on the right-hand side are the vector components of 
P,, in the directions of the edges of the reference parallelepiped. Using 
7.17) we obtain 


: 
P a= =P; + Soe : a fe Sim * : : Sh (7.26) 
m=1 
showing that the quantities P’,, form a tensor, which here will be called 
the stress tensor. We note that P’,, is not identical with Murnaghan’s 
Cartesian stress tensor. A characteristic feature of P’,, is that, like the 
strain tensor x,;, it depends only on the deformation of the body and is 
invariant with respect to rigid rotations and translations of the strained 
medium. 

A necessary condition for equilibrium is now that the total moment 
of all forces vanishes. As regards the internal forces between the particles 
in the crystal, we will assume that they have a potential function which is 
invariant with respect to rotations and translations of the crystal as a 
rigid body. In this case the moment of the internal forces vanishes, and 
the equilibrium condition takes the simple form 


i,xP,+i,x P.+i, X P.=0., . . . . (7.27) 
from which we immediately obtain 
PP RS CO, Ra ee eT 


The stress tensor P’,, is therefore symmetric. In order to derive the 
total force on an arbitrary surface $ in the strained state, we construct 
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the tetrahedron @, mentioned in connection with relation (7.19). From 
the equilibrium condition follows 


eg Pies P oOo Pa) eee (TDD) 


where S, is the unstrained surface corresponding to $, and by means of 
(7.25) we then obtain 
3 
Dawe Say pals eta: -c ue Meee OU) 
kl=1 
giving the three components of #9 parallel to the edges of the reference 
parallelepiped. 

Let us now try to derive the stress-strain law. We will assume that the 
deformations of the crystal take place so slowly that the temperature 7’ 
of the body remains constant, equal to the ambient temperature. Let 
us consider an arbitrary volume V—having the boundary S—of the 
strained medium, and let F denote its free energy at this temperature. If 
V, is the corresponding volume in the unstrained state, we can easily 
prove the relation {7 9, dS),=V > 5,,, where the integration is carried out 
over the boundary S, in the unstrained state. According to (7.30) the 
force on the surface element dS is given by 


3 
De ed he kg ee (7.31) 
ky t=1 


For an arbitrary, infinitesimal change dx, of the components of strain, we 
obtain from the thermodynamic relation between work and free energy 


3 
dF=| dr. dp= ss fo di, . P, Sox 
S 


k,l=1 
3 3 3 
Se eee oh oe i, Ol, lp. Gi) = V5 2 2, ax, .. (7-32) 
k=1 k, l=1 ial 
where we have used (7.18), (7.31), (7.28), and (7.22). If # is written in a 
form which is formally symmetric with respect to x,, and x,,, then it 


follows that 
bars W2: 


k= ile AX y1 : 
The use of the special stress-tensor P’,,,, defined by (7.25) and (7.26) 
makes it possible therefore to express Hooke’s law for finite strains in the 
same form as in the classical theory ; the identity with Murnaghan’s 
theory, where this simple relation does not occur, is easily shown. 
Introducing the conventional notation 


P’ (7.33) 


es and ¢ wl 5) —— 
M11= 1 «=Vag=Xq, Ug3=%3, 2Wog—=X4, 2Wyy=X5, 2X ,—Ne, 


Py=X,, Po =Xo, P33'=X-s, P53’ =X, P3)'=X5, P,,=Xg. : (7.34) 
we may also write (7.33) in the form | 
xX Mol jess Dyas kts eager. ot es UEP EY 


Vy Ox,’ 
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Expanding the right-hand side of (7.35) in a Taylor series in 2;, remembering 
that the unstrained crystal is in equilibrium under no stress, introducing 
the isothermal elastic constants c,; defined by 


1 / @F 
bee a | a | Oy ee 
eu 7, gama) 2 Sea 
and neglecting terms of the second and higher orders in x;, we obtain 
6 
X= 2 0255 3a ee 
j=l 


which is the conventional linear form of Hooke’s Law. Since our appli- 
cations will be related to absolute zero, the free energy = H—ST' will be 
identical with the cohesive energy of the crystal. 

In the general theory of elasticity for finite strain, the number of 
elastic constants c;; (i, j=1, 2, ... 6) is 36, but the definition (7,36) leads 
to the symmetry relation c;,=c,;;. Since there are 15 such symmetry 
relations, the number of independent constants is then reduced to 21. 


7.2.2. Cauchy Relations for the Elastic Constants 

The first theory of elasticity for non-isotropic bodies was developed by 
Cauchy in 1827 and was based on the idea that a rigid body consits of a 
large number of material particles interacting with ‘ central forces’ of 
attraction or repulsion. Cauchy found that this assumption leads to six 
additional conditions for the elastic constants : 

C1a=Cogs Cas Cag C91 Css 5 | (7.38) 
Cra=C5e; Cap—Cea> Cag—Cas 5 
which are now known as the Cauchy relations. The number of indepen- 
dent elastic constants in his theory was therefore only 15. 

Let us derive (7.38) in the theory of elasticity for finite strain by 
considering an arbitary rigid body, which consists of » classical particles 
interacting with each other with central-forces of two-body type. The body 
is assumed to have a certain state of equilibrium under no stress, and we 
will consider a finite homogeneous strain. The cohesive energy may in 
this case be written in the form 


B= Z Vat) + + + + + + + (7.39) 


where 7',,, is the distance between the particles k and / in the strained state. 
Denoting the Cartesian coordinates of the vector r,, in the unstrained 
state by (@,:, 1, Ver, 25 Ger, 3), Introducing the abbreviations 
dns a 2 i € € 
Or, 1= Ae, 1°) Fer, 2=Apy, 9%, Or, 3— 1, 3°) 


Txt, Ver, 290,35 Ter, 5%, 3 Fer, 13 Tx1,6—F%e1,1%er, 2 ~ (7.40) 
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analogous to (7.34), and using (7.24), we obtain 


6 
Uae eee ee Cy Peis 8 ee ee TAD 
i=1 
and Ore Tea 

See 1 oe (7,42) 

According to (7.36), (7.39), and (7.42), we then obtain 

I Deeds (alcdG 

a Ae {> a(—=)}. by ee ete 
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where V, is the volume of the unstrained body. From the simple 
identities 


ae 2 yee 
Ort,1 Tr1,2—=%x1,6---cyel, and op, 4 Or, 4=Fn 5 Thi,6 +--+ Cyel., 


the six relations (7.38) follow directly. 

Experimental experience has since shown that the six Cauchy relations 
are in general not valid for the rigid bodies occurring in nature, and the 
reason for their failure has been discussed by a series of authors. Poisson 
(1831, 1842) suggested that the material particles constituting the 
rigid body should be considered as small rigid polyhedrons capable of 
rotating with respect to each other, and this picture was later developed in 
detail by Voigt (1887, 1910); in this way the number of independent 
elastic constants comes out correctly. : 

Another way of avoiding the difficulty with the Cauchy relations was 
proposed by Thomson (1890), and his idea has later been generalized and 
extended by Born (1915, 1923). According to this theory, there are 
crystals which consist of a number of elementary point lattices with the 
possibility of rigid, relative displacements with respect to one another. 
Because of these ‘internal displacements’, the number of degrees of 
freedom is increased, and therefore the theory gives a complete set of 
independent elastic constants even in the case of central-forces of two-body 
type. In crystals, where each particle is a centre of symmetry, however, 
such internal displacements do not exist, and hence Born’s theory does not 
give any explanation of the failure of the Cauchy relations in this case. 

Comparatively recently Epstein (1946) has critically analysed the Cauchy 
relations, and he arrived at the result that they are a consequence of the 
infinitesimal theory of elasticity neglecting terms of the second order. 
By using a finite strain, he found that the relations (7.38) are in general 
not valid because of certain additional terms, which (in our notation) take 
the form 


ih any’ 
So {= x} wy Ete ad) 
b<l Bs eg Atay Jeo 


Later Zener (1947) pointed out that, for crystals in which each 
particle is a centre of symmetry, these terms vanish if the specimen is 
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under no initial stress. If we exclude the possibility of internal displace- 
ments, we also obtain the following expression for the equilibrium 


condition : es 
j=(—) = pee 5 + a Se aeee 
(), i Sue ite adr ni Jo ( ) 


where we have used (7.39) and (7.42). Hence Epstein’s result may be 
brought into agreement with our deduction of (7.38), which is also based 
on the idea of a finite strain. 

For ionic crystals, where each ion is a centre of symmetry, there seemed 
to be strong theoretical evidence that the Cauchy relations ought to be 
valid (cf. Hearmon 1946). On the other hand, refined measurements of 
the elastic constants of e.g., the alkali halides with a highly improved 
technique (Bridgman 1929, Barnes, Brattain and Seitz 1935, 1936, Rose 
1936, Durand 1936, Bergman 1942, Hunter and Siegel 1942, Huntington 
1947, Overton and Swim 1951) showed conclusively that the Cauchy 
relations did not hold even at absolute zero. 

The question was whether this dilemma could be solved by quantum 
theory.* 


7.2.3. Failure of Cauchy Relations in the Case of Many—Body Potentials 

The quantum-mechanical investigation of the cohesive energy of the 
ionic crystals, reported in §7.1, showed that this energy is a many-body 
potential of central type. This implies that the force between two ions is 
directed along the central line between them and has a strength, which 
depends also on the positions of the neighbouring ions. In the Heitler— 
London picture, the whole phenomenon is due to the large overlap 
between the ions ; in the band theory, it may be considered as a result of 
the approximate Hartree—Fock calculations, where each orbital depends on 
the crystal as a whole. The two-body term still dominates, and the three- 
body term is important, whereas the higher terms usually give compara- 
tively small contributions. 

The important question was whether the occurrence of many body 
potentials of central type in the energy could explain the failure of the 
Cauchy relations. Born (1915) had proved a theorem that, for a general 
potential which is invariant under rotations and translations, the Cauchy 
relations are valid, but he has later pointed out himself that some of his 
results referring to such a general potential are not correct (Born and 
Begbie 1947). However, it seemed to be generally believed (see, e.g., 
Seitz 1940, p. 94) that the failure of the Cauchy relations could be taken as 
an indication of the existence of forces of a not spherically-symmetrical 
nature. 


* The author is greatly indebted to Prof. I. Waller, Uppsala, for suggesting 
to him in 1946 the classical question of the failure of the Cauchy relations as a 
suitable thesis problem, and for pointing out Landshoff’s work (1936) and 
Seitz’s textbook, § 15, as convenient starting points for an investigation of the 


distortion of the ions, which could lead to forces of a not spherically-sym- 
metrical nature. 
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The outcome of the quantum-mechanical investigation using the theory 
of elasticity for finite strain was extremely simple (Lowdin 1948). Let us 
write the cohesive energy (7.8) in the form 


H=EH (irae 1435 ici Vind l 93) oe a . . . . . (7.46) 
where r,, is the distance between the nuclei g,, and g,. We note that this 


expression is invariant under rotations and translations of the crystal as a 
rigid body. Using (7.36) and (7.42), we obtain 
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0 k<l m<n el mn OF ret mn) 0 
d Dy {a oe } (7.47) 
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(7.48) 
In these expressions. we get contributions only Pane the terms for which 
the two pairs of indices, (k, /) and (m, n) are related to two different pairs 
of ionic nuclei. Of course, the quantities 
eH 

Orn 0t en Om 
vanish in the case of two-body forces corresponding to the potential (7.39), 
but, in the general case of a many-body potential, the quantities (7.49) are 
usually different from zero, and then the elastic constants do not satisfy 
the Cauchy relations (7.38). 

Our opinion that the failure of the Cauchy relations depends on the 
existence of a many-body potential of central type has later been supported 
by Stakgold (1950). On the other hand, the existence of the many-body 
forces seems to have been entirely overlooked by some French authors 
(Herpin 1952, 1953, Laval 1954), even if the former bases his work on . 
Hylleraas’ and Landshoff’s theories. 

Implicit and explicit relations between the elastic constants and the 
general potential occur also in other connections, for instance in the 
theory of thermal vibrations (Born and Begbie 1947, Lundqvist 1955, 
Born and Huang 1954) but so far it has not been shown that they 
are reducible to the simple relations (7.47) or that they are compatible 


with them. 


(k, 1)A(m, n) Seay 


7.2.4. Applications to some Alkali Halides 

Let us now apply the theory to the elastic constants of some alkali 
halides of the NaCl-type. For a cubic crystal having its axes parallel to 
the coordinate axes, there are only three independent elastic constants : 


Cie Cae 33) Cyp—=Cog—Cy1, ~~ Cag Css Cogs «> «+S «(750) 


136 Per-Olov Lowdin on a 


all other components are zero. Between the three elastic constants 
C145 C19 and C44, there is the single Cauchy relation ¢,.=C¢44, which is usually 
not fulfilled. In order to evaluate the elastic constants quantum- 
mechanically, we will substitute expression (7.8) for the cohesive energy 
into (7.47) and carry out the differentiations. The calculations are 
straightforward and require some new lattice sums; since they are 
comparatively lengthy, we will refer to the original papers (LOwdin 1948 a, 
1948 b) and only report the final results, which are given in table 15. 


Table 15. Survey of the Various Contributions to the Elastic Constants _ 
Cy and ¢4, of some Alkali Halides in the Unit 101! dyne/em? 


(The exchange energy gives no contribution in the approximation under 
consideration). The theoretical values are related to the absolute zero 
of temperature. 

Three different numerical methods have been used : 

(a) expansion about positive ion (LO6wdin 1948 a) ; 
(>) expansion about * centre of gravity ’ (Lundqvist 1952) ; 
(c) multiplier technique (L6wdin 1955). 


Elas- | Electro-| Theoretical values 
Crystal] tic static Experimental 
con- | part | S-part value 
stant (a) (b) (c) (c) 
LAC Gag 1-895 | 1-499 —0-301 | 1-594 
cr 1-895 | 2-015 +0-091 | 1-986 


NaCl} c,, | 1-399 | 0-982 | 1-032 | —0-280 | 1-119 | 1-10* | 0-9865 
Cy, | 1-399 | 1-525 | 1-515 | +0-085 | 1-484 | 1-339 | 1-327 


KCl | c,, | 0-885 | 0-601 —0-108 | 0-777 | 0-6* 
C4, | 0-886 | 0-948 +0024 | 0-909 | 0-669 
LiF | c,, | 5-009 | 3-762 —0-965 | 4-044 | 4-044 
Cy, | 5-009 | 5-700 40-535 | 5-544 | 5-54 
NaF | c,, | 2-909 | 2-338 —0-390 | 2-519 
C4, | 2-909 | 3-281 +0-254 | 3-163 


*M. A. Durand (1936), at low temperature. 
} H. B. Huntington (1947), at room temperature. 
§ Overton and Swim (1951) at 7’=0. 
We observe the difference between c,, and ¢4,, which depends on the 
many-body part in the S-energy ; in comparison with the experimental 
values (Durand 1936, Huntington 1947, and Overton and Swim 1951), 
this difference has at least the correct sign. The calculations leading to 
column (a) were based on a simplified «-function technique taken over from 
Landshoff: the wave functions of the negative ions were expanded in 
spherical harmonies at the centre of the positive ion, and only the power 
series expansions of the «-functions for <a were taken into consideration. 
It has been observed (Lundqvist 1952) that the many-body potential is 
easily overestimated in this way, and that the theoretical values of the 
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‘relative difference’ between the elastic constants given in table 16 do 
not agree with the corresponding experimental data, which indicates that 
the many-body potential probably does not give any contribution to this 
difference, when the relative size of the two ions tends to be about the same. 


Table 16. The Relative Difference (c,,—c,5) : (C4g+€,,)/2 for the Elastic 
Constants of Some Alkali Halides 


Comparison between the results of three different numerical methods (a= 
Lowdin 1948, b=Lundqvist 1952, c=Léwdin 1955) and observations 


Theoretical Theoretical Theoretical Experimental 
Crystal value value value value 
(a) (0) (c) 
LiCl 0-29 0:22 
LiF 0-41 0-31 0-317 
NaCl 0-43 0-38 0-28 0-20* 0-29§ 
NaF 0-34 0-23 
KCl 0-45 0-16 A Ui 


* + § See Table 15. 


Lundqvist showed that, in the S?-approximation, the many-body potential 
itself will disappear in the latter case, and, by moving the expansion 
centre to the ‘ centre of gravity’ of the positive and negative ions under 
consideration, he recomputed the values of c,, and c,, for NaCl with the 
slightly improved result given in column (d). 

It should be observed that, if the «-functions are numerically evaluated 
in both the regions r<a and r >a, as recommended here, no complications 
of the above-mentioned type will occur, and the final results will be 
independent of the particular expansion centre chosen. In §§6.3 and 
7.1.2.2, we have further proved that, even if the overlap is taken into full 
account and interactions between neighbours of higher orders are included, 
the many-body potential will tend to disappear when the size of the two 
ions becomes about thesame. This general result is therefore valid without 
any additional assumptions about e.g., the ‘ deformations ” of the ions 
(cf. Lax and Burstein 1955). 

In the S?-approximation, an essential improvement of the values of the 
elastic constants may now be obtained by using the technique involving 
two multipliers A, and A, describing the relative extensions of the two 
ions, which was introduced in § 6.3. We have recomputed ¢,, and c,, 
in this way, and the results are given in column (c) of table 15. In some 
cases, the agreement with experience is almost perfect, but the most 
important point is that the ‘ relative difference ’ given in table 16 shows 
the correct behaviour, when the size of the ions becomes about the same. 

It should be noted that the calculations reported here still have only 
a preliminary character, and that it would be desirable to investigate the 
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same problems taking full account of the overlap in forming A~! and 
including the interaction between neighbours of all orders. Work along 
this line is now in progress. 


7.3. Compression of the Alkali Halides at very High Pressures 


The compressions of the alkali halides at high pressures have been 
measured up to 100000 kp/em? (Slater 1924, Bridgman 1940, 1945)*, 
and it has been found that in this region there occur polymorphic 
transitions of the crystal structure between the NaCl-type and the CsCl- 
type. Semi-empirical theories of the crystal behaviour in this region 
have been developed (Jacobs 1938, Bridgman 1940 and Birch 1947), but 
even the pure quantum theory of ionic crystals gives a rather good des- 
cription of the properties of the alkali halides at high pressures (LOwdin 
1948 a). 

Let us consider a cubic ionic crystal, which may be either of NaCl-type (1) 
or CsCl-type (II). Each ion in the crystal is surrounded by M nearest 
neighbours, and the cohesive energy per mol is given by the formula 


By het 2M 4 MLB (7.51) 


rep? 
where & is Avogadro’s number, « the valency of the ions, Ay,4 the 
Madelung constant, a the distance between the nuclei of two nearest 
neighbours and #,,,, the repulsive potential per ‘ion pair’, which also 
contains a many-body part. As before, we include only the repulsion 
between nearest neighbours. The molar volume is given by 


V=kia3. a? oP Ra et Tae) 


The quantities WM, k and K,,,, are constants characteristic of the lattice 
type, which are summarized below : 


Type M k Kya 
I NaCl 6 2 —1-7476 
Il KCl 8 84/3/9 —1-7627 esl 


‘ 

Under a hydrostatic pressure p, the crystal undergoes a uniform 
compression in all directions, which leaves the form of the crystal unchanged, 
unless there is a polymorphic transition, which will be treated separately. 
The pressure p is given by the well-known formula 


p==— OF not = I OB v1 e <? Kya M OK 
tas Wales a 


ca ears a Aa SE aa rep , 
3k'La2 ou a‘ 3h Ska® oa.” (7.54 ) 


The term £,,,, is the same for the two types of lattices, except for the 
many-body contribution which is mainly proportional to Ay,q 3; since 
the values of Ay,,q in (7.53) are almost the same, the difference will be 


* Kp refers to the kilopond, or kilogramforce. 
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negligible. In addition to p, we have calculated the thermodynamic 
potential G 
G=LE on tpV ee tae el 00) 


at 7’—0, as function of the interionic distance at intervals of 0-05 Ly. 
The numerical work has as usual been carried out in atomic units and, 
for the pressure, we have used the conversion relation 


lpy_=2-94088 x 1014 dyne/cm?= 2-998 x 108 kp/em?. 
#rom the two functions p=p(a) and G=G(a), it is then easy to construct G 


graphically as a function of p. Instead of giving a as a function of p, we 
will plot the quantity 4V/V,, where 4V=V,—V and J, is the volume 


of the lattice I at p=—0, ice. 
5--1-z(2) (7.56) 
V, Pl tame ey 

The results for KCl and NaCl are shown in figs. 12 and 13 respectively. 
Bridgman’s (1935) measurement for KCl show a polymorphic transition 
at p= 20-060 x 103 kp/cm?, and he supposes that the structure at higher 
pressures is of the CsCl-type. This opinion is confirmed by our theoretical 
result. The two curves for the thermodynamic potential G intersect at 
p=31-4~x 10 kp/em?, where the crystal KCl has a transition from type I 
to type Il. The theoretical value of the transition pressure is certainly 
too high but, nevertheless, the agreement must be considered as fair, 
since the angle between the two curves of Gis very small. The theoretical 
values of 4V/V, are in excellent agreement with Bridgman’s empirical 
data, but we note that our investigation relates to 7’=0 and his measure- 
ments to room temperature. 

For NaCl, Bridgman has not found any polymorphic transition up to 
p=100X 10% kp/em?. In fig. 13, our two curves for G intersect at 


Fig. 13 


KCl * PRESSURE, 10‘kp cm? Fig, 3 


The volume decrements 4V/V, and the thermodynamic potential G of KCl as 
functions of pressure. 
I=NaCl-type (theoretical curve). 
II1=CsCl-type (theoretical curve). 
T—transition point (theoretical value). 
EMP=empirical curve according to Bridgman’s measurements (1945); the little 
vertical line at the end of the curve gives the difference between 
- individual measurements, 


140 Per-Olov Léwdin on a 


p=103x 103 kp/em? which indicates the existence of a transition in this 
higher region, which should be observable, since it corresponds to a 
change of AV/V, of 0-08. The curve for 4V/V, for the lattice type E 
agrees excellently with Bridgman’s observations. 

A semi-empirical treatment of all the alkali halides has also been given 
(Léwdin 1948 a). The two curves for 4V/V, agree in all cases with 
Bridgman’s data, but the transition pressures are only approximately 
reproduced. Since the values of Kyaq in (7.53) are almost the same, the 
many-body potential does not play any decisive role in comparing the 
stabilities of the lattice types I and II. The problem of the stability of 
CsCl at 7'=0 is still not entirely solved. 


Fig. 14 


NaCl PRESSURE, 10*kp/cm* Fig. & 


The volume decrements 4V/V, and the thermodynamic potential G of KC! as 
functions of pressure. 


7.4. Limiting Vibrational Frequencies 

In treating the thermal vibrations of ionic crystals, Waller and his 
collaborators in Uppsala have been interested in the possibility of deriving 
the frequency spectrum from the quantum-mechanical values of the 
elastic constants as well as from the observed data. Recently the limiting 
vibrational frequencies of a cubic ionic lattice have been investigated 
(Lundqvist 1955) by taking also the many-body forces into account. 
It appears that these forces mainly lead to the occurrence of a certain 
effective ionic charge. Lundqvist has derived formulae for the transverse 
and longitudinal frequencies of long polar vibrations under the assumption 
that the optical polarization may be neglected. Expressing the total 
polarization in terms of the dielectric constants, he has obtained a 
generalization of Szigeti’s theory (1949, 1950) for the case of two-body 
forces, and his numerical results for NaCl and KCl are in good agreement 
with such observed data as are available. 


7.5. Hacited Energy Bands of Ionic Crystals 
In §7 we have introduced the Hartree-Fock functions (7.2) for the 
energy bands of an ionic crystal which are assumed to be completely filled 
in the ground state, In order to investigate the excited states of the 
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crystal, we need according to § 2.3.2 the Hartree-Fock functions belonging 
to the * excited’ effective Hamiltonian and the proper deduction of the 
band structure of an ionic crystal is therefore a rather complicated 
non-linear eigenvalue problem (see, e.g., Slater 1954). 

By using the ‘cellular method’, the general theory of the band 
structure of the alkali halides has been developed (Slater and Shockley 
1936, Wannier 1937, Slater 1938) with applications to the NaCl crystal 
(Shockley 1936, Tibbs 1939, Fischer 1948) and to LiH and LiF (Ewing 
and Seitz 1936). The improved form of the cellular method introduced 
by von der Lage and Bethe (1947) has also been utilized (Nosawa 1949, 
Bell et al. 1953). So far, little seems to have been done using the LCAO- 
method. | 


7.6. Statistical Theory 


In the theory of atoms containing many electrons, the statistical theory 
(Thomas 1927, Fermi 1928) has proved to be extremely valuable and it 
has later been applied successfully also to ionic crystals, particularly 
caesium and rubidium halides (Lenz 1932, Jensen 1932, Neugebauer and 
Gombas 1934, Neugebauer 1934, Jensen 1936, Hoffman 1946, 1947), 
where the lattice parameters, the cohesive energies, the compressibilities 
and the limiting vibrational frequencies have been determined in tolerably 
good agreement with experiment. 

In the Hartree-Fock approximation, the density matrix p(x;,, x,) 
must satisfy the Hartree-Fock eqn. (2.58), but in the statistical theory 
e is usually constructed approximately in a simpler and more direct way. 
In neglecting overlap effects, etc., the electron density in an ionic crystal 
is assumed to be the sum of the electron densities of all the constituents 


P(Xy, X1)=2/p,(Xy, Xz), Papa haaie (hoe I) 
g 


where p, is a solution of the Thomas-Fermi equation ; the main problem 
here has been to find a consistent way of deriving stable solutions for the 
negative ions. 

The simple assumption (7.57) has been critically analysed by Fréman 
(1954), who pointed out that there is an essential difference between the 
electron density in the Hartree-Fock approximation given by (7.5) or 


p(X, X,)=2LD,(x,)O,(x,) 4,1, o . 2 (7.58) 


pv 
and the statistical form (7.57), which approximately corresponds to the 
expression 
Pstat(Vr> %1)=2LO@,(x1)®,(x) : 5 : (7.59) 
eng 


where the square of the individual atomic wave functions are afterwards 
summed up to the densities p,. Since all overlap integrals are neglected, 
there are apparently no ‘ many-body forces ’ in the statistical theory. 
However, even if there is a large difference between the two electron 
densities (7.58) and (7.59), it can happen that, under certain conditions, 
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they lead to energy expressions which are almost the same. If the two 
ions are of about the same size, formulae (6.59) and (6.65) show that 
good values of the atomic integrals may be expected, if the density &,®, 


is replaced by 
®,,(1) ®, (1) 44, {®, (1) B, (1) +P, (1), (1)}. - .  (7-60) 

Substituting (7.60) into (7.58) shows that a good approximation to the 
ordinary Coulomb integrals may be expected if we replace the exact 
density (7.58) by the statistical density (7.59). Similar considerations 
hold for the exchange terms, but here the accuracy is considerably lower. 
Hence, our discussion shows that we can expect the statistical theory to 
be applicable mainly to the energy problems connected with ionic crystals 
consisting of two heavy ions of about the same size. 

The statistical theory as an independent approach has now been 
developed to a rather elaborate form, but for further details we will refer 
to the original papers (see also Gombas 1949). 


§ 8. COHESIVE PROPERTIES OF METALS 
The electronic structure and the energy bands of metals have been | 
investigated in a large number of particular cases, as reported in § 4, but 
the corresponding cohesive energies have been evaluated only in a rather 
few cases. The cellular method has been of foremost importance here, but 
recently a considerable amount of work has also been devoted to the 
statistical approach. The LCAO-method is being developed further for 
the purpose of investigating the properties of metals. 


8.1. Calculations by Cellular Method 


8.1.1. Correlation Energy 

A crucial problem in the Hartree-Fock method of investigating the 
cohesive properties of metals is the question of the electronic correlation ; 
see § 2.2.4. In § 2.3 it was pointed out that, if two electrons having anti- 
parallel spins are forced together in space by placing them in the same 
orbital, one can expect a comparatively large ‘correlation error’ to occur 
because of their mutual Coulomb repulsion. The correlation energy 
defined in (2.90) is most easily evaluated for the two-electron systems 
represented by the He-like ions (see,e.g. Green et al. 1953), and, as examples, 
we have given in table 17 the results for the isolated ions. They increase 
slowly from the value 1-1 ey when the 1s-orbital becomes more and more 
concentrated around the nucleus. In the case of ionic crystals, all the 
orbitals in the crystal as well as in the free constituents are doubly filled 
in the conventional Hartree-Fock scheme, and this implies that the 
corresponding correlation energies will probably cancel to a large extent 
in carrying out the subtraction procedure (2.116) in forming the cohesive 
energy. However, in e.g. a monovalent metal, the free constituents have 
a valence orbital which is only singly occupied, whereas the crystal has 
a half-filled valence band containing only doubly filled orbitals, In this 
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case, one cannot expect the corresponding correlation energies to cancel, 
and the result of the subtraction (2.116) will probably come out too high. 

Table 17 shows that the correlation energy per doubly filled orbital is 
remarkably independent of the specific form of the orbital, since the 


Table 17. Correlation Energies in ev in the series of He-like ions 


Z Ton Correlation 
energy 
] ial= 1-08 
2 He 1-14 
3 Lit 1-18 
4. Be*2 1-21 
5 Bt 1-25 
6 (Oy 1-32 


1s-function for H~ is rather diffuse and extended in space, whereas the 
corresponding function for Ct4 is concentrated close to the nucleus. 
Extrapolating this result to the valence orbitals of a metal, one may 
expect that each doubly filled orbital gives rise to a correlation error of 
the order of magnitude 1-1-2 ev, which would then correspond to a 
correlation energy of about 0-5—0-6 ev per valence electron. 

This problem has been investigated in greater detail by Wigner (1934, 
1938) by considering a wave function in which the orbitals for the electrons 
of one spin depended also on the coordinates of the electrons of the other 
spin. For high electron densities, he found that the correlation energy 

per valence electron is given by the expression 

0-288 
514277 

in atomic units (e?/aq_— 27-206 ev), where 7, is defined by (4.53). Wigner 
estimates that this formula is accurate to within 20%. For the alkali 
metals Li, Na and K, one obtains in this way the correlation energy per 
electron to be 0-943, 0-865 and 0-790 ev respectively, i.e. appreciably 
higher values than for the He series. 

The correlation phenomenon within the free-electron gas has since been 
investigated in greater detail (Macke 1950) and a recent elaborate treatment 
using the ‘ plasma model’ (Pines 1953, 1954) has essentially confirmed 
Wigner’sresult. The last approach also gives the possibility of investigating 
the influence of electronic correlation on the band structure of metals 
(Raimes 1954). A further discussion of the correlation effects will be given 
in § 11. 


(8.1) 


8.1.2. Applications to Mono- and Di-Valent Metals 
The general principles of the cellular method of Wigner, Seitz and Slater 
have been described in § 4.5. In evaluating the cohesive energy of e.g. the 


P,M. SUPPL,— JANUARY 1956 L 
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alkali metals, one has usually started from the s-sphere approximation 
and further assumed that | %/(k, r) |? is spherically symmetrical within 
‘each fundamental polyhedron, which makes it possible to evaluate the 
classical part of the Coulomb energy by using the simple formula (2.40) ; 
the exchange energy is found by a generalization of the formula for the 
free-electron case. The final result is calculated by adding corrections 
for the various approximations introduced and by taking the correlation 
energy into account. As in the case of the band structure, more elaborate 
methods are now being developed. 

For the detailed calculations, we will refer to the original papers (Na : 
Wigner and Seitz 1933, 1934, Bardeen 1938; K: Gorin 1936; Li: Seitz 
1935, Silverman and Kolin 1950, 1951, Herring 1951; Cu: Fuchs 1935, 
1936; metallic H: Wigner and Huntington 1935). The accuracy of the 
results is illustrated by table 18, which is taken from data recommended 


Table 18. Theoretical Values of the Lattice Parameter (in Angstroms) 
and the Cohesive Energy (in keal/mol) of Li, Na, K and Cu 
obtained by the Cellular Method in Comparison with Experiment 


Metal Lattice Cohesive 
parameter energy 

Li Theor. 3°50 36-2 
Emp. 3-46 39 

Na Theor. 4-51 24-5 
Emp. 4-25 26 

K Theor. 5-82 16-5 
Emp. 5:20 23 

Cu Theor, 4-2 33 
Emp. 3-6 81 


by Seitz (1940). Even the elastic properties of these metals have been 
successfully determined (Fuchs 1936, Bardeen 1938). 

Beryllium was first treated by the method of orthogonalized waves 
(Herring and Hill 1940). Later some divalent metals have also been 
treated by the cellular method (Mg: Raimes 1950; Be: Donovan 1951, 
1952) and the cohesive energies and pressure-volume relations for a whole 
series have been derived (Raimes 1952). A similar treatment of the 
trivalent Al (Raimes 1953) should also be mentioned here. 

The cellular method has a certain semi-empirical feature depending on 
the fact that the ion-core field is usually adapted to give atomic energy 
levels which agree closely with the observed term values. In cases, where 
one has tried to use Hartree or Hartree-Fock fields for the ion-core, the 
outcome has not been as good as expected, and, so far, a self-consistent, 
purely theoretical form of the theory has not been developed. The semi- 
empirical aspects have been emphasized still more in the simplification of 
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the cellular method proposed by van Vleck and his collaborators and 
reported in § 4.5.3. We shall only add here that this approach gives very 
good agreement with experiment for the lattice parameters, the cohesive 
energies and the compressibilities of all the alkali metals from Li to Cs 
with a minimum of work (see, e.g. van Vleck 1953, Brooks 1953). 

In conclusion we observe that an excellent survey of the whole problem 
of the cohesion of metals has recently been given by Wigner (1953). 


8.2. Calculations by the LC AO-Method 

The first treatment of the cohesive properties of metals by means of 
atomic orbitals was carried out by Slater (1930) for the body-centred cubic 
structure of sodium. In the earlier investigation of the band structure 
(Bloch 1929), the overlap integrals between the atomic orbitals had been 
entirely neglected, but Slater recognized their importance as key quantities 
in the theory and suggested that the overlap problem could be solved, at 
least in principle, by a proper normalization of the corresponding Bloch 
functions. 

The importance of the overlap integrals in treating cohesive properties 
of solids may be emphasized further by considering our results for the 
ionic crystals. Table 8 shows that, for the alkali halides, the overlap 
integrals are really small quantities (S0-04), but the calculations show 
that they are still entirely responsible for the repulsive forces between the 
ions, as illustrated in table 9. Ifthese small overlap integrals were neglected, 
the whole theory of cohesion would break down. In a metal like sodium, 
the overlap integrals are not small at all (S0-4) and this implies that they 
must be essential in any theory of metals based on atomic orbitals. . 

The success of the MO—LCAO method for molecules as well as for ionic 
crystals made it probable that the same approach could be applied also 
to metals, provided that one could find a sufficiently simple way of handling 
the overlap problem. A preliminary investigation of metallic sodium was 
therefore undertaken (L6wdin 1951 a, b) in order to explore the possibilities 
of treating a problem involving overlap integrals of such a large order of 
magnitude. 

The methods for constructing the LCAO Bloch-functions have now 
been further developed as reported in § 4.3, and examples of the results 
for metallic sodium have been given in tables 1, 2, 3 and in fig. 5. We 
note that the Bloch-functions vary rapidly close to the nuclei but that, 
because of the large overlap between the ‘tails’ of the atomic valence 
orbitals, they are approximate plane waves in the inter-atomic regions. 
The close resemblance between the s-part of the LCAO Bloch wave for 
the valence electrons for k=0 and the corresponding function in the 
‘cellular method’ is shown by fig. 5, but it should also be emphasized 
that the higher functions for k40 may differ appreciably. 

The cohesive energy of metallic sodium in the Hartree-Fock approxi- 
mation may be calculated by introducing the density matrix (5.49) with 

all 9g 


Pg( X1 X2)= 2’ YD, (x4) P(X 5) R,, ‘ a, s (8.2) 
wo» 


LZ 
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and the expression (5.51) for dp, into the basic formula (2.123). . The 
energy then contains an enormous number of atomic integrals of both 
two- and many-centre character. In order to avoid the explicit evaluation 
of all these quantities, we introduced also the combined atomic orbitals 


all 
@,°(x,)= XY R,,D,(%1) = ye oe 
a 
by means of which the density (8.2) may be simplified to the form 
g 
P(X Xo) =LO,(x,) P, (2). ee tt 
Fig. 15 


The radial factors f,7(7) of the atomic Hartree-Fock functions for Na in 
sodium metal ; a=7Ly. 


The combined AO’s have some interesting properties (LG6wdin 1955 b), 
but here they are merely used as auxiliary quantities for the computations. 
In expanding the function (8.3) in spherical harmonics Y,,, associated 
with a particular nucleus as in § 6.1, it should be observed that the series 
will contain only such functions Y,,, as are consistent with the crystal 
symmetry (Bethe 1929). For a body-centred cubic structure, this series 
will therefore start with the terms /=0, 4, 6,.... Using the form (8.4), 
the energy expression (2.123) may then be expressed in terms of one- and 
two-centre integrals only. 

So far, the whole treatment is exact within the Hartree-Fock approxi- 
mation. In a preliminary investigation (L6wdin 1951 b), we introduced 
some considerable approximations in order to simplify the numerical 
work. Using (5.19), we assumed that the LCAO Bloch-functions are 
good approximations to the actual Hartree-Fock functions. In addition, 
we neglected the overlap integrals between the valence AO’s and the 
ion-core AO’s, and, in the expansion of (8.3), we considered only the s-part 
(J=0) and neglected the g-part (/=4) and higher terms. The calculations, 
including interactions between neighbours up to the order nine, gave a 
value of the Hartree-Fock part of the cohesive energy of 24-7 kcal/mol 
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and an inter-atomic distance of 3-694, in surprisingly good agreement 
with the experimental values 26 kcal/mol and 3-67 4, respectively. As in 
the conventional MO-LCAO theory, no correction for electronic correlation 
was added as a first approximation. It was emphasized that this good 
agreement could be fortuitous or depend on systematic cancelling between 
energy contributions of a type not yet understood (cf. Raimes 1954). 
The compressibility came out too high, but this may be associated with 
the wrong form of the energy—distance curve obtained from the con- 
ventional Hartree-Fock approximation ; see also § 11.5. 

Further progress became possible only after a more general ortho- 
normalization procedure was developed, which allowed the valence 
orbitals to be orthogonalized to the ion-core orbitals in a simple way ; 
see §§ 3.2.3, 4.3.1 and 5.1.3. A more convenient way of carrying out the 
numerical work is now also presented in § 6.3, but then it is necessary to 
check the accuracy of the approximate formulae for the atomic integrals 
involved. Formulae (6.62) and (6.64) introduce large simplifications in 
the numerical work, which is now being repeated. In this connection, 
it has also been found necessary to discuss the correlation energy and a 
method for calculating this quantity within the LCAO-scheme will be 
discussed in § 11.5 

In conclusion we observe that some linear chain models of metals have 
been discussed using the LCAO-method (Hoffman and Konya 1948, 1951, 
Hoffman 1950, 1951, Wohlfarth 1953), but that, otherwise, there seems 
to be little faith in the possibility of extending the LCAO-approach to 
metals. 


8.3. Statistical Method 


A statistical theory of metals has been developed by Gombas in a series 
of papers (Gombas 1936-54) and is based on the assumption that a simple 
metal consists of a lattice of atomic ion-cores, in and around which the 
valence electrons form an electron gas of uniform density. This theory 
gives results in remarkably good agreement with experiment and, for a 
survey, we will refer to Gombas’ monograph (1949). 

Statistical ideas have also been introduced in theories based on plane 
waves or augmented plane waves. In this connection some recent 
applications to di- and multivalent metals should also be mentioned 
(Matyas 1948, 1952, Trlifaj 1952, Gaspar 1952, Antoncik 1953). 

The connection between the complete band theory and the statistical 
method, which has been developed as a more or less independent approach, 
is not yet sufficiently well understood. However, it seems possible that, 
as in § 7.6, the substitution of the integral formula (6.59) into the LCAO 
electron density (5.11) will lead to such a simplification of this quantity 
that a statistical treatment may be introduced also on this basis. 

In conclusion, two recent English papers (March 1954 a,b) on the 
Thomas—Fermi method for metals should be reported. 
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§ 9. Exact SoLutioN oF THE MANy-ELECTRON ScHRODINGER EQUATION 


In § 2.1.1.4 it was pointed out that the stationary states of a molecular 
or solid-state system are obtained by solving the many-electron Schrédinger 
eqn. (2.19), where the eigenvalues € form the energy spectrum of the 
system. So far in this paper we have mainly discussed the ‘ independent- 
particle model ’ or Hartree—Fock method, in which the total wave function 
is approximated to by a single Slater determinant. In the following, we 
will now investigate wave functions which are superpositions of several 
such determinants or even infinite sums. : 

9.1. Superposition of Configurations 

Let us first discuss the problem of finding the ewact solution Y of the 
Schrédinger eqn. (2.19) for a system of N electrons, assuming that the 
eigenfunction Y exists and is normalizable. For this purpose, we will 
introduce a complete orthonormal basic set of one-particle functions or 
spin-orbitals %, (k=1, 2, ...). A selection of N different indices k,, kg, 
... ky will in the following be called a configuration in the k-space ; if the 
indices fulfil the condition ky<k,< ...k,y the configuration is said to be 
ordered and will be denoted by the abbreviated symbol A. To each ordered 
configuration belongs a Slater determinant 


We(Xj, Xa. :Xy)= (NW YY det fig igs Wa eee 


An arbitrary wave function Y(x,,x,,...x,) may now be expanded in 

products of the one-particle functions ¥%,(x) and, if Y fulfils the anti- 
symmetry condition (2.4), the terms in this expansion may be taken 
together in determinants so that 


P(X, Xavi Kalter ee el MaKe ewer 7y eee eed 
K 
where the sum goes over all ordered configurations K. The coefficients C ; 


here may be determined by the variational principle (2.20), which leads 
to the linear set 


ok | Fp | LS Cb, C02. eee 
and the secular equation | 
def {(K|H,,|L)—€ays}=0 | . 4 a (8) 


for the eigenvalues. The matrix elements (K | H op |Z) are given by the 
formula (L6wdin 1955 a) 


; K L 
(K | Hoy |L)=HoDar+ 2th | Hy |B Dill |) 


K IL 


BL LZ {kyky | Ay | lla} Dar (hyke dye). (9.5) 
Iuka Uy 
where tk | Hy | = J * A y,(1) dary, 
(hyks | Hy, | tly} = Fon, *L yon (2) oh, (I)y),(2)daryday. . (9.6) 
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The factor D,,;= | VY *W,(dx) is the determinant 
Oils) < «2 Ohl x) 
De Be eas aoe luli ear i rod cr (9/7) 
O(k yly) . . . d(k yl y) 
where the elements are Kronecker symbols 8,,, and D,,(k | 7) and 
Dyxlkyky| ll.) are its minors. The last quantity is defined only for 
k,<k, and 1,<1/,, but we now generalize for an arbitrary order of the 
indices by the condition that it shall be antisymmetric in each set ; this 
is important in the last sum in (9.5), where the summations are to be 
carried out over all pairs k,, ky and 1,, 1,. 

We note. that the whole treatment is analogous to § 2.2.3.2, with the 
difference that here we consider a linear problem in many-electron space, 
instead of the non-linear problem in one-electron space connected with 
the Hartree-Fock approximation. The many-body problem (2.19) is in 
this way reduced to a form which is essentially the same as that in the 
one-particle problem. The method is thus in principle simple, but the 
analytical or numerical work necessary for evaluating the matrix elements 
(9.5) and solving the eqns. (9.3) and (9.4) is still formidable, particularly 
for a crystal. It will therefore probably take a long time before all the 
practical and numerical problems involved have been successfully treated 
even with the aid of modern electronic computers. 


9.2. Transformation of Basic Set. Connection between 
Molecular-Orbital and Valence Bond Methods 
In §9.1 the basic orthonormal set of single-particle functions #,(x) 
could be chosen quite arbitrarily, provided that it was complete. Another 
basic set ¢,(x) could have been picked just as well, but the final eigen- 
functions and eigenvalues must still come out the same. The explicit 
transformation formula for expansion (9.2) is of particular interest here. 
The two sets and@ are connected by a unitary transformation p=pU 


or p= 2,U (I, k). Nie RA ea oe) 
. 7 
By using a theorem for expanding the determinant of a matrix which is 


a product of two rectangular matrices (see, e.g. Kowalewski 1909), we 
obtain the following transformation formula 


Vp —TO,Apg, P,= (N17 det rsbiy--- Fins (9-9) 

where U(l,kb,) ... U(i ky) 
ih seh ae pil oee ee oe Weare e: Giese (9.10) 

U(lyky) .-- Ulwky) 
The determinants of one set may therefore be expanded in terms of the 
determinants of the other set. Substituting the first relation (9.9) into 


(9.2) we finally obtain EVO ONG eet cae ATLL 
. Bi i 


which is the transformation desired. 
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Formulae (9.8)-(9.11) give in a condensed form also the connection 
between molecular orbital theory and valence bond theory. In the 
former, the basic set consists of molecular or crystal orbitals belonging 
to the system as a whole, whereas, in the latter, the basic set is formed by 
the atomic orbitals of the constituents. The transformation formulae 
hold even if the matrix U is not unitary. However, as pointed out in 
§ 3.2.4.3, one has to be extremely careful in treating sets of non-orthogonal 
AO’s associated with more than one atom in order to avoid overcompleteness 
and exact or approximate linear dependence, which effects may cause 
severe difficulties in treating the fundamental secular eqn. (9.4). The 
overcompleteness problem implies that the valence bond method in its 
conventional form is not convenient for a more accurate determination 
of the total wave function ; instead a valence bond scheme based on 
orthogonalized AO’s, as recently suggested by MeWeeny (1954), would be 
preferable. 

By using the hydrogen molecule as an example, it was shown (Slater 
1930) that the molecular orbital method including configurational inter- 
action gives exactly the same result as the valence bond method including 
ionized states. Formulae (9.8)-(9.11) show now that this theorem is valid 
in general with the limitation pointed out above. 


9.3. Natural Spin-Orbitals 
If the basic set 4, is not chosen conveniently, it may happen that the 
series (9.2) converges extremely slowly and the question is whether the 
convergence could be improved by a suitable linear transformation 
according to (9.8) and (9.11). For this purpose, we will investigate the 
generalized first-order density matrix y(x,'|x,) defined by (2.9). By 
means of the basic set, this quantity may be expressed in the form 
y(y’ [a= 2a PO Wiel | *). - + + (9.12) 
Substituting expansion (9.2) into (2.9), we obtain the connecting formula 
(k) 
KL K 


where A should be summed over all configurations (4) containing the 
specific index k, and L over all configurations (/) containing 1. For the 
diagonal element we get in particular 


(k) 
y(k[ k= 2 [Cy P/Z|CxP, ae tiga 
K K 
where 0<y(k | k)<1, and y(k | k)=1 only if the corresponding function / 
occurs in all configurations AK necessary for describing the state under 
consideration ; we have further 
Sy(k | k)=N. end acs “eee See 
k 


Formula (9.14) may be used for investigating the convergence properties 
of the series (9.2) of superposed configurations. If a number y(k | k) is 
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zero, this implies that the corresponding function w, does not occur at 
all in the configurations K necessary to describe the system. All spin- 
orbitals %,,, for which the corresponding number y(k | k) is essentially 
different from zero, i.e. larger than a given small quantity « determined 
by the accuracy desired, will be called essential spin-orbitals. If the 
number of essential spin-orbitals appears to be M, we can conclude that 
the number of essential terms in (9.2) cannot exceed M '/N \(\M—N)}, 
which is the number of ways in which N electrons may be distributed 
over M spin-orbitals. In order to get the best convergence of (9.2) 
possible, it is therefore necessary to find the basic set, which has the 
lowest value of M, i.e. which leads to the most rapid convergence of the 
series (9.15). 

This problem may be solved by determining the unitary transformation U 
which brings the Hermitian matrix y(/ | &) to diagonal form n: UyUt=n, 
with the eigenvalues n,. By introducing the new basic set x=WU?t we 
obtain P= VU, and substituting in (9.12) gives then 


y(x,' [ xa) 2x21 )x 204), : ° 5 2 (9.16) 


which shows that the matrix y(/ | £) for the functions y has diagonal form 
with the eigenvalues n,. Let us now order these functions according to 
decreasing values of n,, which will be interpreted as the corresponding 
occupation numbers. They have the ordinary extreme value properties 
characteristic of eigenvalues and they also lead to the most rapid 
convergence of the series (9.15). From the relation y=U'nU and the 
unitary properties of U, we obtain directly 


mm mM Mm : 

Wipe a yk | k)= 2 2(N,—Nq) | Ui |? 
k= peal (03 

m nr m ice) : 

aoe (2 ;,—Nq) | Oar |? 4 2 2’ (%,—N,) | Os. i? 220, 

k—Loe=t k=la=m+1 


where the first term is identically zero and the second term is never 
negative, which proves our theorem. Hence we have found that the 
functions y diagonalizing the first-order density matrix y(x,’|x,) 
according to (9.16) give the lowest value of M. They have been called 
the natural spin-orbitals of the system, since they naturally belong to 
the problem in contrast to the arbitrarily chosen set p. By using the 
formula P= xU and (9.9)-(9.11), the total wave function may now be 
expanded in configurations over the natural spin-orbitals 


W— DX (XA pC x), 
a K 
Xe NN? det vis Xie a Xin Se Oe sone ye 


where the quantities 4, are given by (9.10). This ‘ natural expansion ; 
of the total wave function is characterized by the property that it has 
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the most rapid convergence in the sense that the configurations are built 
up of the smallest number of essential spin-orbitals possible. 

In the special case n;=n =. . .=ny=1, there is a single configuration 
involved in the expansion (9.17), which means that the total wave function pa 
may be reduced to a single determinant 


W—(N !)-1/2 det {x1, Xa.- +> Xt: Bisa? (9.18) 


This case will occur for an exact wave function, only if there is no mutual 
interaction between the particles and for an approximate wave function, 
it will correspond to the Hartree-Fock approximation. In § 2.2.1, we 
have seen that the condition y?=y, Tr (y)=J is a necessary consequence 
of the determinantal form, and here we can see that the reverse theorem 
is also true. In fact, the necessary and sufficient condition for being able 
to express a total antisymmetric wave function in the form of a single 
determinant, may be condensed in the form 


Tr(y=-y7= ) eye «a ee en 
For the proof, we may use the relation 
Tr (y—y?)=Tr (n—n?)=2,n,(1—n,), 


in which the terms can never be negative. 

Further details may be found in Lowdin (1955 a), where it has also been 
shown that the y-functions satisfy some differential equations intuitively 
proposed by Slater (1951 f). In order to explore the possibility of using 
the natural spin-orbitals in practice in calculations going beyond the 
Hartree-Fock approximation, the helium problem has been re-examined 
(Shull and Léwdin 1955). It has been found that, in two-electron systems, 
these orbitals provide an excellent tool for discussing the properties of 
the total wave function. Further investigations of molecules and 
solid-state systems are also in progress. 


§ 10. VALENCE Bonp Meruop IN CrystaL THEORY 


The valence bond method, which was first developed for molecules in 
close connection with the chemists’ formulae for the compounds, was 
early applied also to solids. For the ionic crystals with completely filled 
shells, the Heitler-London picture gives essentially the same result as the 
band approximation under the simplifying assumption (5.19) and this 
part has already been treated in detail in §7. In the theory of metals, the 
valence bond method has had its main importance in Heisenberg’s theory 
of ferromagnetism, but here the non-orthogonality problem has caused 
some complications. It has been still more difficult to apply the valence 
bond method to the theory of metallic cohesion and conductivity, since a 
tremendous number of polar states must be included, and the whole 
approach has therefore had a more qualitative nature. 
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10.1. Non-Orthogonality Problem 


Slater (1930) investigated sodium metal under the assumption that the 
body-centred structure was built up of atoms, in which the valence 
electrons at the corners of the cubes had plus spin, those at the centres 
minus spin. As mentioned before, Slater found that the overlap integrals 
caused quite a peculiar problem for this arrangement, since even the 
ordinary normalization constant for the total wave function turned out 
to be divergent. 

Even in the valence bond theory of molecules, the overlap integrals 
caused undesirable complications, and, except in a few simple cases such 
as the hydrogen molecule, one started to neglect these quantities almost 
universally. This procedure was dangerous for molecules, but it was 
still worse for crystals. It was pointed out by Inglis (1934) that the 
overlap integrals caused a real’ ‘ non-orthogonality-catastrophe ’ in 
Heisenberg’s theory of ferromagnetism. Van Vleck (1936) made it 
plausible that there is probably some mutual cancelling of overlap terms, 
which therefore finally leads to a rather small correction. 

It was pointed out (Lowdin 1948 a, 1950) that, in treating a total wave 
function in the form of a single determinant built up of atomic spin orbitals 
(ASO’s) having parallel spins, there is really no ‘ non-orthogonality- 
catastrophe ’, for, in calculating the expectation value of a physical 
quantity, the numerator as weil as the denominator contains the same 
divergent factor, which therefore cancels. The overlap integrals appear 
instead in the matrix (I+-S)~!, but even if these integrals are really small 
quantities, they may not be just considered as perturbations, since they 
are of basic importance for the cohesive properties ; see, e.g. tables 8 and 9. 
The importance of the overlap in the Dirac—van Vleck spin-vector model 
has recently been re-examined by Carr (1953) by using expansion (5.32) 
of the matrix (I+-S)-1. It should be stressed here that this expansion is 
probably not convergent for any metal if the valence electrons are 
included, and this implies that a more detailed treatment according to 
§ 5.1.2 with an eventual separation of ion-core and valence electrons 
would be worth while. : 

The overlap problem in valence bond theory is essentially more difficult 
to handle than in molecular orbital theory. In considering a given valence 
bond determinant built up from ordinary atomic spin-orbitals, a good 
start is provided, however, by expanding the ordinary ASO’s ® in terms 
of the orthogonalized ASO’sp =®A ~1? by the inverse formula B=pA +1? 
(Léwdin 1950); cf. (3.28). Let us assume that we consider a system 
of N electrons having N orbitals and 2N spin-orbitals at their disposal. 
Let us then consider a single valence bond determinant 


W=(N !)-1? det {O,, ®,,,... By, ae Lol) 


My? 
where the indices j14, #9, ».- (4 tell which ASO’s are occupied, each by 
one electron. The corresponding ©-functions form a vector of order J, 
which may be derived from the vector @ of order 2N by a transformation 


P= 54,A+¥2(v, 1), SV Noy eee sea (LOC) 
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where the coefficients form a rectangular matrix of order (2N x N) obtained 
from the total matrix of order (2N x 2N) by taking a special selection of 
N p-suffices. By using a theorem for expanding the determinant of a_ 
matrix which is a product of two rectangular matrices (see, e.g. Kowalewski 
1909), we obtain 
AV2(yi 444)... AY*(vypy) 
= (ON ee eae det {hy Pry + Poyt asf 


yg... vN 


AYV2(y yyy)... Av yyy) 
(10.3) 


where the sum runs over all vy; cf. (9.8) to (9.10). In principle, it is then 
possible to form matrix elements between valence bond determinants 
associated with various distributions of the N electrons over the 2N 
ordinary ASO’s, since the functions ¢,,, ¢,,, .--,, are all subsets of 
order N taken from the same orthonormal set of order 2V. The calculations 
are further simplified by the fact that the matrix 4*+!/*(v,) contains 
non-vanishing elements only for pairs (v, 2) having parallel spins. 

Tf all the N electrons in (10.1) are assumed to have the same spin(L6wdin 
1950), the sum in (10.3) is reduced to a single term 


(N !)-¥? det {4,,, $4 +--+ Pry} X constant. ev (LOS) 


It has been emphasized (Slater 1951 g) that, from a comparison of (10.1) 
and (10.4), it is extremely dangerous to draw the conclusion that it would 
be possible to solve the non-orthogonality problem of the valence bond 
method simply by replacing the given AO’s by the orthogonalized AO’s. 
By using the hydrogen molecule as an example, Slater showed that the 
ordinary Heitler-—London function for the orthogonalized AO’s did not 
even have an energy minimum. Of course, such a complication does not 
occur, if the given valence bond function is treated by the full expansion 
(10.3). Recently McWeeny (1954) has developed a valence bond theory, 
which is based entirely on the orthogonalized AO’s, but, in addition to 
the ordinary ‘ covalent ’ structures, he has also included a large number 
of ‘ polar structures’. His scheme works apparently very well in the 
applications to molecules, but so far it has not been considered for crystals. 

It should be emphasized that only part of the overlap problem is solved 
by the expansion (10.3). If an even number N of electrons are distributed 
over 2N spin-orbitals, there is a considerable spin degeneracy, and it is 
then a characteristic of the valence bond singlet function that it is the sum of 
the 2/2 determinants formed from all possible permutations of the spinsin the 
basic determinant according to the bond scheme (see, e.g., Pauling 1933). 
In calculating the expectation value of the total Hamiltonian for such a 
singlet function, it seems extremely hard to systematize the result in a 
simple and practical form when the overlap is taken into full account, even 
if expansion (10.3) is used for each of the 24/2 determinants. So far, it has 
been possible to find a condensed form for the total energy of a valence 


Cu 
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bond singlet only in the special case of a system containing isolated bonds, 


which are mutually non-overlapping (Hurley, Lennard-Jones, and Pople 
1953 ; ef. Schmid 1953). 


10.2. Polar States in Metal Theory 


One of the main difficulties in using the valence bond method in the 
theory of metals depends on the fact that it is necessary to include also a 
very large number of polar states (Slater 1930). It is obvious that a 
theory of conductivity can hardly be obtained without the ionized states, 
but it should be emphasized that they are just as important in treating 
practically all the other properties of metals. The basic theory was 
developed by Schubin and Wonssowsky (1934, 1935, 1936) and showed 
many interesting aspects of the electronic behaviour, but as far as we know, 
the method has not been used for an explicit calculation of cohesive 
properties (see also Wonssowsky 1954). 

Starting from the chemists’ point of view, Pauling (1948, 1949) has 
developed a resonating-valence-bond theory of metals of considerable 
interest, but the detailed connection between this more qualitative 
approach and the band theory has not yet been investigated. In con- 
clusion a recent paper by Coulson (1953), where he treats electrons in 
solids by means of bond orbitals instead of atomic orbitals, should be 
mentioned. 


10.3. Valence Bond Theory Versus Band Theory 


It was pointed out in § 9.2 that, with a certain restriction due to the 
eventual overcompleteness of a system of AO’s on several nuclei, the 
valence bond method including ionized states leads to the same final 
results as the molecular orbital theory including configurational inter- 
action. In their simple and mostly used forms, however, the two methods 
are rather different. The example of the hydrogen molecule shows already 
that the ordinary Heitler-London function takes the electron correlation 
better into account than the conventional molecular orbital method. 
Mott (1949) raised therefore the question whether the simple valence 
bond method is particularly well suited for certain classes of crystals 
(insulators) and the band theory for other classes (conductors). This would 
explain the peculiar behaviour of crystals like NiO, which are insulators 
but still have incompletely filled bands. It could also be that this 
phenomenon depends on a band splitting of a type which is not yet fully 
understood (Katz 1952), but it seems more likely that the real reason is the 
weakness of the conventional band scheme in taking correlation effects into 
account. At all events, it seems as if the Coulomb correlation is of more 
fundamental importance in explaining the electronic properties of crystals 
than was previously believed. In the following section we will show that 
it is also possible to treat the Coulomb correlation within a generalization 
of the conventional band picture by introducing ideas which are taken 
from the yalence bond method, 
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§ 11. GENERALIZATION OF BAND THEORY TO INCLUDE 
; CORRELATION EFFECTS 


11.1. Correlation Error in Hartree-Fock Approximation 


One of the strongest arguments against the validity of the conventional 
band theory of crystals is that it does not treat the ‘ correlation ’ between 
particles of different spins in a proper way. The origin of this weakness, 
which is characteristic of the whole Hartree-Fock approximation, was 
pointed out in § 2.2. In forming the total wave function in the form of a 
simple product (2.45) of spin-orbitals, it is assumed that one can neglect 
the mutual interaction between the individual particles or that they 
interact only through an ‘ average ’ field. However, between two electrons 
i and j, there is in reality a strong repulsive potential H ,,=e?/r;; which, for 
small distances 7,;,0, is tremendously large. This repulsive potential 
naturally tries to keep the electrons apart, and, since this effect is neglected 
in forming the product (2.45), the whole treatment will be affected by a 
large ‘ correlation error ’. 

The situation is drastically changed by the antisymmetrization pro- 
cedure (2.46), which transforms the simple product (2.45) into a Slater 
determinant (2.47). The generalized second order density matrix 
I (x,' x, | x, x,) defined by (2.9) will now be antisymmetric in each set of 
indices, and this implies that the diagonal element J” (x, x,) is zero to the 
second order near x,=X,, giving rise to the ‘ Fermi hole’ for electrons 
having parallel spins (cf. Lennard-Jones 1952). Since the antisymmetry 
principle thus works in the same direction as the classical Coulomb 
repulsion, it will automatically take care of the main part of the correlation 
between particles having the same spins. 

There remains the correlation between electrons having antiparallel 
spins, and, since in the conventional band theory, pairs of electrons of this 
type are forced together by being placed in the same orbital in space, one 
can expect the correlation error to be comparatively large. 

In his fundamental work on the helium atom, Hylleraas found that the 
series of superposed configurations (9.2) converged rather slowly, and 
that, a considerable improvement of the convergence was obtained by 
introducing the variable 7,, explicitly in the total wave function. The 
same variable was also used by James and Coolidge in their basic investi- 
gation of the hydrogen molecule. The successful use of the variable ;, in 
the total wave function lead to the idea, that there was some form of 
‘dynamic’ correlation between the ‘movements’ of the particles, and 
that the orbital of one electron depended on the positions of all the other 
electrons of opposite spin. This idea has been fundamental in the investi- 
gations of correlation in metals as reported in § 8,1.1, but we will here try 
a different approach (Léwdin 1955 ¢), 


11.2. Static Correlation in T'wo-Hlectron Systems 


The idea of the ‘dynamic ° correlation and the necessity of introducing 
the variables 7;, in the total wave function has been almost universally 
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adopted in the literature (see, e.g. Coulson 1938). Calculations involving 
these variables are, however, extremely laborious to carry out, and this 
fact has to a large extent hindered the more detailed investigation of 
correlation effects. The question is also whether, in a quantum-mechanical 
treatment of a stationary system without any classical movements of the 
individual particles, it is feasible to keep such an idea of ‘ dynamic ’ 
correlation. 

The large correlation error in the conventional Hartree-Fock approxi- 
mation certainly depends on the fact that pairs of electrons of opposite 
spins are forced together in doubly filled orbitals; see, e.g. table 17. 
However, it seems possible now to remove at least part of this defect by 
letting electrons with different spins occupy different orbitals in space so 
that they get some chance of avoiding each other in accordance with the 
influence of the Coulomb repulsion. We note that the correlation intro- 
duced in this way has a more ‘ static ’ nature. 

Before developing the general theory, we will consider the two-electron 
problem and its application to the helium atom, the hydrogen molecule, 
and the z electrons of ethylene, etc. By starting from two basic orbitals, 
u(r) and o(r), we may construct a total wave function for the singlet state 
of the form 


W (x,, X.)=const. {u(r,)v(r2)+u(r,)v(r,)} X {a(1)B(2)—a(2)B(1)} . (11.1) 
This is one of the exceptional cases, where it is possible to separate the 
orbital part and the spin part into two different factors. The ‘ best ’ 
orbitals w and v may then be determined by the variational principle (2.20) 
leading to a generalized form of the Hartree-Fock equations. 

Let us first consider the helium atom. The Hartree-Fock energy in 
atomic units e?/a) is —2-8615 and the experimental value —2-9038, 
giving a correlation energy of +0-0423 (=1-15 ev), of which the purely 
radial part is estimated to be 43-5°% (see Green et al. 1954). The form 
(11.1) with two simple exponentials, treated already by Hylleraas (1929), 
gives the energy — 2-8756, and the best form (11.1) investigated so far gives 
—2-8772 (Shull and Léwdin 1955). In this way more than 85% of the 
radial correlation has been taken into account. The angular correlation 
may be treated correspondingly by using the general idea developed in the 
following sections, and the progress in the calculations has been promising 
(Shull and Léwdin, to be published). 

The helium problem was discussed at the Shelter Island Conference in 
1951, and, in this connection, Mulliken (1952) denoted the wave-function 
(11.1) by the symbol (1s, 1s’) and called it an ‘ open-shell ’ form which had 
been obtained by a generalization of the ordinary ‘ closed-shell’ form 

Lsj2: 

me wave function (11.1) may also be used for treating the hydrogen- 
molecule problem, and the differential equations for the best orbitals wu and 
v have been investigated by Kotani (1951). Here we will introduce a 
simplified treatment, which later may be generalized also to crystals. 
According to the previously mentioned ‘ correlation principle >, we will 


158 Per-Olov Lowdin on a 


assume that w and v are of such a type that the electrons in them (having 
antiparallel spins) try to avoid each other. This is mainly established by 
the ‘ alternant ’ effect, trying to keep the electrons on separate atoms, and 
the ‘ in-out’ effect, trying to keep one electron outside the other, when 
they happen to be on the same atom. 

The Hartree-Fock energy of the hydrogen molecule is — 1-134 in atomic 
units (Coulson 1938) and the exact electronic energy excluding the nuclear 
vibrations —1-173, which gives a correlation energy of 0-039 a.u. or 
1-06 ev in agreement with table 17 and our previous conclusion that the 
correlation energy per doubly filled orbital is practically constant (1 ev) 
and relatively independent of the form of the orbital itself. 

The ‘ alternant ’ effect may be simply treated by using semi-localized 
molecular orbitals (Coulson and Fischer 1949). By varying the parameter 
describing the semi-localization and the effective nuclear charge, 
Weinbaum’s value of — 1-148 is obtained, which means that about 36% of 
the correlation is already taken into account. The ‘in-out’ effect may be 
treated by introducing two 1s-orbitals with different exponents on the 
same atom ; it is further likely that an angular correlation with respect to 
the molecular axis will be of importance (Shull and L6éwdin, to be 
published). 

The ‘ in-out ’ effect has not been considered previously in the theory of 
molecules or crystals and seems to be of considerable importance. In the 
conventional treatment, full agreement between theory and experiment 
has been prevented by the occurrence of large Coulomb integrals associated 
with ‘ ionic ’ terms, where two electrons having opposite spins are forced 
together in the same valence orbital of one atom. The value of this 
integral will be reduced, if the two electrons are permitted to occpuy 
slightly different orbitals. Semi-empirical corrections of such integrals 
have proved to be remarkably successful (Moffitt 1951, Pariser 1953, 
Pariser and Parr 1953). 


11.3. Constructing Pure Spin States 

In order to generalize the ‘ correlation principle’ introduced in the 
previous section, it is necessary to discuss the problem of constructing pure 
spin states. We note that an arbitrary Slater determinant (2.47) is in 
general a mixture of a whole series of different spin states, but, according 
to the general theory developed in § 3.1, we can easily distinguish all the 
pure spin states involved by means of projection operators. 

Measuring the spin in units of #, we know that S? has the eigenvalues 
I(1+-1), where 1=N/2, (N/2)—1, .. . 0 or } depending on whether N is even 
or odd. According to (3.7) the operator ° YO for selecting a spin state 
of multiplicity (2/-++1) is then 


kAl 
BV O= TT (8? —k(k+1)}/{Ul+1)—h(k+ 1)». (11.2) 
hk 
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If P, is an arbitrary Slater determinant, the function 
ee OU a ee eth he (Le) 
represents therefore a pure spin state of multiplicity (27+-1) and we have 
ei) uy sm os (Le) 


The function (11.3) may be considered as a direct generalization of the 
wave function in the ‘ independent-particle-model ’, since it is obtained by 
a direct projection of the Hartree product (2.45) by selecting its anti- 
symmetric component belonging to a specific spin state. Just as a 
Slater determinant contains V! Hartree products, the wave function (11.3) 
consists of a large number of determinants, but the condensed form (11.3) 
is usually most convenient for theoretical discussions. Since the pro- 
jection operator (11.2) fulfils the general relation (3.10), the calculation of 
quantum-mechanical expectation values will be greatly simplified, and 
we obtain 


eorsa GUO (da)=8 ,, | Poe Tay da) 
{ (2k-+1) Yr HAN (dar) 3; | Fe" UES de ped ict tLe) 


In order to evaluate the terms on the right-hand side, it is necessary to 
use the expansion of °+)YW in Slater determinants (Lowdin 1955 c). 

For the sake of simplicity, let us assume that NV is even (V=2n) and 
that we are interested in the spin states with S,—0, i.e., having an equal 
number of « and 8 spins. Let us further assume that we have NV orbitals 
1, Ao, .- + Gy, by, bg, ...6, at our disposal, and that the first n orbitals 
are occupied by particles having spin functions « and the other orbitals by 
particles having spin functions 8. The corresponding Slater determinant 


CN ty Ua det tae stin 1 G,e 10G6,.050,.. 0,8). ev. A117) 
may then be denoted by the abbreviated symbol 
CLON SALA Dl sumaeem ed BD he (aa pees aN cS 


showing the spin distribution over the N orbitals taken in their given order. 
We will further introduce the quantities 


ECC ae Seal Wels Serres ae 
T= {(Bao,. . (ofa... )+..| (BB... )+(BoB...)4+..-}, 
Dee (B80. )-L(BoB. «Eee La Ba ) 


(11.9) 


where 7’, is the sum of all the different determinants, obtained by & 
interchanges of the spin functions between the two original groups (a) and 
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(b) of orbitals. 7',, is here written as a formal * product ’ of two factors, each 


ie n , ; 
containing ( ‘) terms of ‘half’ determinants, and consists therefore of 
I; 


: 
n\? , 
( ) ordinary determinants. 


By using (2.15) and the eigenvalue properties of S?, we may derive the 
following formula (see L6wdin 1955 ¢) 


HU P= Sc,() Dy, 1) eee 
k=0 
where the coefficients are determined from the recursion formula : 
(n—k)? €,44+[n(2k+ 1)—2h2—l+1)] ¢, +c, -1=0 , 
64 [eg =[L(I-+1)—n]/n 


cle ee © © 6 (0) 0)e Cueshe suet eis 6 oP we Lelen mes rare ae 


(11.11) 


For the important cases of lowest and highest multiplicity (J=0 and =n), 
we obtain in particular 


n at 
ory=(n-1y> 2 (1 (7) To ee eet 
QntNOT —¢,\) ST). e 2 Sees 
k=0 ; 


By introducing these expansions into (11.5) and (11.6), we get directly the 
energy values for the various spin multiplets given by (11.3). 


11.4. Hautension of the Hartree-Fock Method to Include Correlation Effects 

In order to improve the conventional Hartree-Fock method with respect 
to correlation effects, it is necessary to give up the basic idea of the occur- 
rence of ‘ doubly filled ’ orbitals. Instead we will introduce a new degree 
of freedom and let the orbitals associated with spin function « be inde- 
pendent of the orbitals associated with spin function 8. The Slater 
determinant Y, constructed from the corresponding spin-orbitals will then 
not usually represent a pure spin state, and the total wave function Y 
will therefore be defined by the projection formula (11.3). It should be 
observed that the function (11.1) is a special case, giving the singlet state 
for N=2. 

The best spin-orbitals occurring in the two independent groups will now 
be obtained by an extended Hartree-Fock procedure, which may be 
derived by applying the variational principle (2.20) to the expectation value 
of the energy given by (11.5) and (11.6). In the one-particle space, this 
leads to a system of generalized Hartree-Fock equations, where the 
‘ effective Hamiltonian ’ contains certain many-particle couplings due to 
the spin-degeneracy. Since the mathematics is comparatively lengthy, 
we will refer to the original paper (L6wdin 1955 ¢c). The net result is that, 
because of the Coulomb repulsion between the electrons, the two groups of 
orbitals associated with spin functions « and 8 respectively, will adapt 


Quantum Theory of Cohesive Properties of Solids 161 


themselves to each other so that electrons with opposite spins will try to 
avoid each other as much as possible. It is evident that this extended 
Hartree-Fock scheme does not give the exact solution of the many- 
electron Schrédinger equation, but it seems likely that a comparatively 
large part of the correlation error is removed. In addition, the extended 
Hartree-Fock scheme has kept at least part of the simplicity and physical 
meaning which is characteristic of the independent-particle-model. 


11.5. Band Splitting in Crystals due to Correlation. 
Method of Alternant Molecular Orbitals 


In the theory of molecules and crystals based on the conventional 
Hartree-Fock approximation the cohesive energy usually shows a wrong 
asymptotic behaviour for separated atoms ; see fig. 16. This defect is a 


Fig. 16 


Illustration of the wrong asymptotic behaviour of the cohesive energy of a 
metal in the Hartree-Fock approximation. 


typical ‘ correlation error’, and it depends on the fact that a wave 
function which is’ a single determinant of molecular or crystal orbitals 
permits electrons of different spins to accumulate on the same atom which 
gives rise to negative and positive ions having higher energy together than 
the ordinary dissociation products. ‘The ionic crystals are an exception in 
this connection, since the complete shells prevent an excessive formation 
of ions. One way of removing this difficulty is by configurational inter- 
action, but, except for the simplest molecules, this approach usually leads 
to secular equations of such a high order that they are extremely hard to 
solve. i 
Another possibility of solving this correlation problem is using the 
extended Hartree-Fock method described in the previous section. It is 
evident that, if it is difficult to solve the conventional Hartree-Fock 
equations for a solid, it must be still worse to treat the extended form 
containing twice as many functions. Hence we will consider only a 


M2 


Let us then form the combinations 
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simplified form of the theory here, which is applicable to alternant systems, 
for instance a crystal constituted of two equivalent sublattices I and IT, 
as the body-centred cubic structure, or an alternant hydrocarbon (Coulson 
and Longuet-Higgins 1948). 

Let us assume that we represent the conventional molecular orbitals of 
the system in the form p=ge, where @ is a set of orthogonalized AO’s 
or Wannier functions. It is a characteristic feature of the alternant 
systems that the MO’s occur in pairs, j’ and j”, with orbital energies 
<, and ¢,, belonging to symmetric positions in the lower and upper halves 
of the energy band respectively. The ‘ excited’ orbital %,, is obtained 
from the lower orbital %, by changing the sign of the coefficients of the 
AO’s of one of the subsystems, let us say IT : 


I II 
Py=X by Cup +2 Pu Cuj ? 
ue bu 


ui II 
pyr Py Coy e Pu Cuz: . . . . . (11.14) 
Lu le 


« 


I Ir 
b= Ay + bybje=(a+-b) 2 hy, C,j;+(a— b) X by Cy; » 
ue “ 


I I 
Pp Oey — dfs e— (a—b) 2 fb, Cyjt(4+b) X by yj» «= (11.15) 
ue “ 


Since the normalization condition takes the form a?+-b?—=1 we may put 
a=cos 6 and b=sin @ and describe the mixing between the MO’s by an 
angle @. For 0<@<90° the orbitals %,; are semi-localized on system I and 
the orbitals %,;, on system II, and we will therefore call them alternant 
molecular orbitals (L6Owdin 1954 b, 1955 ¢). For 6=45°, this localization 
is complete. We note further that orbitals belonging to different indices j 
are still orthogonal, whereas 


As a simple example, we may consider the lowest orbitals for a linear 
chain ; see fig. 17. 

By using (11.3) and (11.8), we will now define the total wave function by 
the expression. ; 


P= O40 fan, oe Bh eps Cee eee ay 
I IL 


In the determinant, each MO of type Lis here occupied by an electron with 
plus spin and each MO of type II by an electron with minus spin. We 
note that an interchange of « and B leaves the total wave function invariant, 
If in particular we put /=0 and 6=0, the expression (11.17) goes over into 
the well-known singlet wave function of the conventional band theory 
with all the orbitals doubly occupied. 
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If we put 6=45°, the determinant in (11.17) corresponds to a structure 
where all the plus spin electrons are localized on the sublattice I and all the 
minus electrons on the sublattice II. By letting @ tend to the value 45°, 
when the lattice parameter tends to infinity, we obtain a situation without 
excessive formation of ions, and we may then anticipate that the energy. 


Fig. 17 


Examples of ordinary molecular orbitals (@) and alternant molecular orbitals (b) 
for a linear chain. 


curve should show the correct asymptotic behaviour. This is in fact the 
case. For 0=45°, the discussion is simplified by the fact that all the 
alternant MO’s become strictly orthogonal ; see (11.16). By using (11.5), 
(11.6), (11.9), (11.10), and (11.11), we obtain 


(Ho)av=| fake. Ds the T (dx) 


sata n j 
es ie oe (2 (jl ML | Hae [AIL ID.» . . (1118) 
I,h= 

Since the first term in the right-hand side goes over into the energy of the 
free constituents and the exchange integrals in the last term tend to zero 
for 9=45° and separated atoms, the cohesive energy curve gets the 

correct asymptotic behaviour for all the spin states given by (11.17). 
We note’that, for the body-centred cubic structure, the special system 
obtained for 6=45° corresponds to the spin arrangement for sodium metal 
once proposed by Slater (1930). By varying # from 0=0 to 6=45°, we 
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get a continuous transition from conventional band theory to something 
which is similar to the valence bond theory. The best value of the 
‘correlation angle’ @ may be determined by the variational principle 
(2.20) as a function of the lattice parameter, and the total wave function 
(11.17) then gives a description of the electronic structure of the crystal, 
in which correlation is included by letting electrons of opposite spins 
be localized mainly on two different sublattices. 

The benzene molecule is a simple example of an alternant system and 
contains six mobile electrons, which are analogous to the valence electrons 
in a metal. In the ground state, there are three doubly filled orbitals in 
the conventional MO-theory, and, according to our previous results, we 
can therefore expect a correlation error of the order 3 ev. By carrying out 
a configurational interaction involving nine determinants, an energy 
depression of about 2-8 ev has in fact been found (Parr, Craig, and Ross 
1950). The benzene molecule has also recently been treated by Itoh and 
Yoshizumi (1955) by using the ‘ alternant molecular orbital method ° ; for 
623° they obtained a depression of the energy minimum of 2-35 ev or 
about 85% of the value obtained by a complicated configurational 
interaction. Their simple wave function was also in rather good agree- 
ment with the previous result. 

The results obtained so far make it probable that, even for crystals of 
the alternant type, the simple method here described will be able to take 
account of quite a considerable part of the correlation energy. Numerical 
application to the body-centred cubic structure of sodium and to the free- 
electron model is now in progress, and the results will be published in a 
forthcoming paper. 

The method here described is applicable to both mobile and localized 
electrons. Systems containing only localized single bonds have been 
treated by Schmid (1953, 1954) with an application to diamond ; his 
method is quite similar and is contained as a special case in the extended 
Hartree—Fock method. 

In conclusion we note that the two groups of electrons having opposite 
spins may have different effective Hamiltonians, and the correlation there- 
fore causes a certain formal band splitting, which becomes real and observ- 
able as soon as the number of electrons in the two groups is different (S.<0) 
or there is an external or internal magnetic field present. The importance 
of such a real band splitting for the theories of ferromagnetism and 
antiferromagnetism has been pointed out by Slater (1951 c). 


§ 12. ConcLtupiInG REMARKS 
In this paper, we have discussed the problem of the theory of the 
cohesive properties of some types of ideal crystals by starting from the 
many electron Schrédinger equation, It has been shown that it is possible 
to solve the Hartree-Fock equations in general by the expansion method 
described in § 2.2.3.2, and that higher approximations to the total wave 
function may be obtained, in principle, using configurational interaction 
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asin§9.1. A simple method of treating correlation effects by means of an 
extension of the conventional band theory has finally been described in 
Sioa: 

It should be emphasized, however, that the numerical work involved in 
applying the theory to actual crystals, is formidable, and it is therefore 
only natural that, so far, considerable approximations have usually been 
introduced at rather early stages of the work. 

The cellular method has been comparatively successful in obtaining 
reasonable or good agreement between theoretical results and observed 
data, but here one has often used short-cuts of a semi-empirical nature, 
and the method is therefore still far from self-consistent. In calculating 
the cohesive energy, some correction terms must usually be added, and 
this implies that one does not know what total wave function really 
corresponds to the final values obtained for the energy, lattice parameter, 
compressibility, etc. In fact, there is a certain gap between the theory 
of the electronic structure and energy bands, and the theory of cohesive 
properties, which is partly reflected by the fact that, in the literature, the 
two fields have to some extent been developed independently ; cf. § 4.5. 

The LCAO-method has so far given good results mainly in the applica- 
tions to ionic crystals, but it should be observed that even here the 
calculations have not been tested as regards their self-consistency. Also 
most of the numerical work has been carried out only to a rather limited 
degree of accuracy. 

It would certainly be worth while to try to develop a fundamental theory 
of the electronic structure and the cohesive properties of metals in a self- 
consistent and straightforward way. However, in that case, one will 
probably for quite some time have to give up the good agreement between 
theory and experiment, to which one is now accustomed from the work 
already existing. Both the cellular method and the LCAO-method could 
be developed along these lines, and consistent calculations of an exploratory 
nature would then be more vaulable than a perfect agreement with experi- 
ment, which is only obtained by adding a series of corrections. In too 
many cases in molecular and solid-state theory, has such perfect agreement 
later appeared to be fortuitous and dependent on some large terms not 
being considered mutually cancelling. ; 

The general development of molecular and solid-state theory shows that, 
so far, one has not found any really simple method of treating the con- 
nection between the many-electron Schrédinger equation and the large 
amount of experimental material collected in physics and in chemistry. 
However, if quantum mechanics has not yet been able to produce a large 
number of highly accurate results for many-electron systems, it has instead 
been the essential key for the qualitative understanding of the funda- 
mental properties of molecules and crystals, and every improvement of 
the theoretical basis has been of great value here. The importance of the 
pioneering work carried out by Mott, Pauling, Seitz, Slater, Wigner, and 
others, can hardly be overestimated in this connection. 
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The cohesive properties of solids are also connected with many other 
phenomena, and for a survey of the applications to electrical, magnetic, 
optical, thermal, mechanical, etc., properties, we will in conclusion refer 
to some standard textbooks (Mott and Jones 1936, Seitz 1940, Slater 
1951 f, Kittel 1953, etc.) and to some more recent review articles (Mott 
1949, Seitz 1948, Slater 1951 a). 
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